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A SUPPORT THEOREM FOR HILBERT SCHEMES OF PLANAR CURVES, II 

LUCA MIGLIORINI, VIVEK SHENDE, AND FILIPPO VIVIANI 

Abstract. We study the cohomology of Jacobians and Hilbert schemes of points on reduced and 
locally planar curves, which are however allowed to be singular and reducible. We show that the 
cohomologies of all Hilbert schemes of all subcurves are encoded in the cohomologies of the fine 
compactified Jacobians of connected subcurves, via the perverse Leray filtration. 
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1. Introduction 

Given a divisor Dona smooth space C, one can form the line bundle whose sections are those 
rational functions with poles in D. This construction makes sense in families, and thus defines a 
map from the space of effective divisors to the space of line bundles 

A : Eff(C) -> Pic(C) 

D ~ O c (D) 

For singular spaces, various changes must be made. The spaces Eff(C) and Pic(C) still make 
sense, but the map does not. Two problems can already be seen when C is a nodal curve: the sheaf 
of functions with one pole at the node is not a line bundle, and the sheaf of functions with two 
poles at the node has degree 3. 

When C is proper, reduced, and irreducible, there are natural substitutes [D’S, AIK, AK, AK2]. 
The space of line bundles is extended to the space Pic(C) of rank one, torsion free sheaves. The 
space of divisors is replaced by a space Syst(C) of generalized divisors - rank one, torsion free 
sheaves equipped with injective sections. There is an evident forgetful map Syst(C) —* Pic(C). 

When C is proper of dimension 1, these spaces behave in many ways like their classical coun¬ 
terparts. Assuming that C is locally planar, Pic(C) is reduced and irreducible of dimension equal 
to the arithmetic genus of C, the space Syst.(C) can be identified with the Hilbert scheme, and the 
above forgetful map is identified with the map sending a subscheme to the dual of its ideal sheaf 

A : ]J C [n] Prc(C) 

n^O 

D hh> Horn c(Id,Oc) 

Reducibility introduces additional subtleties. Consider the banana curve: two rational compo¬ 
nents, glued together at two points. The space of line bundles on this curve is Z x Z copies of 
G m , where the discrete data gives the degrees of the line bundle on each component. The ability 
to “take the (0, 0) piece” is lost in the compactification - the torsion free sheaves coming from the 
nodes serve to glue together the various components of degree (a, d — a). 

The problem can be bounded by an appropriate choice of stability condition [Gie, Ses, Sim]. For 
locally planar curves, it is known that a generic choice leads to a fine moduli space, called a fine 
compactified Jacobian [Est, MV, MRV1], and moreover, that both its derived category [MRV3] 
and the topological cohomology (see Theorem 1.8) of the space do not depend on the choice of 
stability condition. These naturally furnish invariants of the singular curve; we will be interested 
here in investigating the latter. 

We begin with a nodal curve, C. We write Jq for the fine compactified Jacobian determined 
by a fixed but unspecified stability condition. In the introduction, we restrict ourselves to the case 
where all components of C are rational; for topological purposes, the general case differs from this 
only by the product of the Jacobians of the components. We write Tc for the graph whose vertices 
are the irreducible components of C and whose edges are the nodes joining them. 

The space J c is a union of toric varieties glued along toric divisors, by combinatorial rules 
which can be given in terms of Tc [OS, Ale, MV]. In particular, the zero dimensional torus orbits 
are in bijection with spanning trees of T. In terms of curves, a spanning tree is a connected partial 
normalization of arithmetic genus zero. That is: 

x(J c) = #{genus zero connected partial normalizations of a nodal curve C} 

We will write this number as no(T). 
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A version of the above equality for irreducible curves was used by Yau, Zaslow, and Beauville 
to count curves on K3 surfaces [YZ, Bea]. It has a certain physical meaning, further elaborated 
by Gopakumar and Vafa - the right hand side has to do with topological string theory, and the 
left hand side has to do with BPS D-branes; both are degenerations of some M-theoretic setup, 
so should be equal [GV]. They also explained that this reasoning explains how to generalize this 
formula to higher genus. In the case at hand, we promote the right hand side to the number n g (Y) 
of genus g connected spanning subgraphs of T, or equivalently, the number of genus g connected 
partial normalizations of the corresponding curve. 

Remark 1.1. In graph theory, the spanning subgraphs of T are often spoken of in terms of their 
complements, the independent sets of edges. These are the subsets of edges whose images in 
H 1 ( T, Z) = Cokernel (dp : Z verUces —> Z ed9es ) are linearly independent, so form a matroid. In par¬ 
ticular, there is a simplicial complex whose /c-simplices are the genus c/(T) — k spanning subgraphs, 
and thus the n g ^)-k are counting these simplices. 

There are two ways to generalize the left hand side. The first speaks only of the Jacobian, but 
introduces a filtration on its cohomology. Let P l H*(J c , Q) be the local perverse Leray filtration, 
as defined in [MS, MY], on the cohomology of the Jacobian coming from spreading out over any 
locally versal deformation of C. Let L be the class of the affine line. 

Theorem 1.2. Let C be a connected nodal curve with rational components, with dual graph T. 
Then we have the following equality in the Grothendieck group of Hodge structures: 

yyGt-JffVcQ) - y>„(r) • (<jL)»< r >-'‘((l - ,)(1 - qL)) h 

n h 

In fact, the original Gopakumar-Yafa prediction spoke only of the specialization L = 1; we 
are giving a refined version. We will prove a still stronger version of this result, valid in etale 
cohomology for curves over a finite field. In particular, the Galois group naturally acts on the left 
hand side, and we will give a Galois-equivariant version of the right hand side. The result as stated 
follows from Corollary 3.15 combined with Theorem 1.8. 

The second generalization of %(J c ) introduces new spaces instead of a cohomological filtration. 
In general, these spaces should be the Syst(C) above, or as Pandharipande and Thomas call them, 
Pairs(C) [PT]. When C is Gorenstein, and in particular in the locally planar case to which we 
confine ourselves here, these are isomorphic to the Hilbert schemes. Unlike the Jacobians, the enu- 
merative information contained in these spaces is most naturally related to counting disconnected 
curves; the two are conjecturally related by an exponential. The pairs spaces were introduced to 
study enumerative geometry on 3-folds [PT, PT3]; but more relevant to our present work on lo¬ 
cally planar curves are their uses in studying curves on surfaces [Sh, KST, KT, KS, GS, GS2], knot 
invariants [ObS, ORS, GORS, DSV, DHS, Mau], and the geometry of the Hitchin system [CDP]. 

We introduce some notation. Form the group ring Z\[Z verttces ]\, i.e. the power series ring 
Z[[ Q V1 , Q V2 , .. .]] on the vertices of the graph. This is where curve counting really happens, but 
as we count only reduced curves, we pass to the quotient by the ideal (Q 2vi , Q 2v2 ,...). On this 
quotient ring, we define an exponential 

Exp : (Q V \Q V \ .. )/{Q 2v \Q 2v \ ■ • •) - Z[[Q V \Q V2 ,.. .]]/(Q 2v \Q 2v f ...) 

by sending Exp(Q v ) = 1 + Q v , and requiring that sums go to products. 

For any subgraph F' < T, let Q l ]^ 6rv Q v . The Hilbert scheme version of the formula is: 
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Theorem 1.3. Let C be a connected nodal curve with rational components, with dual graph I . 
Then we have the following equality in the Grothendieck group of Hodge structures: 


00 / 

2 Q r '(9L) I -»< r '> V q"ff'(C^,Q) = Exp £ Q r 2n»(r> 
r'<r n= o \r'<r h 

Recall that, by definition, rih{ T') vanishes when V is disconnected. 


(l-q)(l-ql)J ) 


Since the left hand side is computing cohomology of Hilbert schemes and the right hand side is 
counting maps to the curve, this result is a sort of local motivic MNOP formula for maps to reduced 
nodal curves [MNOP]. 1 We will again prove a Galois-equivariant version over finite fields. The 
result as stated can be deduced by combining Theorem 1.2 with Corollary 1.18 of Theorem 1.16. 2 

Remark 1.4. We do not know a formula for the Betti numbers of J o Finding such is nontrivial: 
while the space is built of toric varieties and carries the action of a torus with finitely many fixed 
points, the cohomology is not equivariantly formal - in particular, there is cohomology in odd 
degrees. 


We turn now to the more general setting of reduced planar curves. Here, the nh( C) are more 
mysterious. The closest statement we know to a combinatorial interpretation operates only at the 
level of Euler characteristics, and asserts that y(n,/, (C)) is multiplicity of the loci of genus h in a 
versal deformation of C [Sh]. A conjectural description of the refined invariants in terms of a real 
structure on the curve can be found in [GS], where we also gave formulas in the case where C is 
a curve with an ADE singularity [GS]. From these it can be seen that rih(C) is a nontrivial Hodge 
structure, although we know of no example in which it is not a polynomial in L. 

Nonetheless, we can at least ask for a relation between the analogues of the left hand sides of 
Theorems 1.2 and 1.3. 

In the case of a single smooth curve C, the cohomologies of the Hilbert schemes © n J - in 
this case, just the symmetric products - and the Jacobian J(C) can both be built from H l (C , Q). 
Explicitly: 


®g n ■ (CM Q) 


71 = 0 


Sym*(qH*(C, Q)) - 


©gG A ^i(c,Q)[-z] 
(1 - g)(l - gL) 


© q i H i {J (C), Q)[—f| 
(1 - q)(l - qL) 


Here, L := [—2] (—1), and as usual the symmetric powers of a vector space in odd cohomologi- 
cal degree really mean its exterior powers. 

The formula works in families: given a smooth family of curves 7T sm : C —» B sm , 


®«” ■ 


72=0 


Sym*(q ■ Rn Sm*Q) 


©9* • A^TiwQf-f] 
(1 - g)(l - gL) 


0 Q i • 

(1 - g)(l - gL) 


Now consider a family ny : C —* By of reduced, irreducible locally planar curves. We can form 
the relative Hilbert scheme 7—> By, and the relative compactified Jacobian © : J(C) —> 


*The usual context of such formulas is the counting of curves in 3-dimensional Calabi-Yau varieties, in which case 
the stable pairs moduli space is generally singular and the Euler characteristics and cohomlogies discussed here must 
be corrected by the Behrend function [Beh] or its cohomological upgrade. The formulas here will apply to this 3-fold 
setting only in the case that the moduli space is smooth, which however can happen, e.g. when the 3-fold contains an 
isolated surface. 

'This is technically correct, but it is conceptually less circular to say that the result follows from Proposition 3.5 
plus the combinatorics in the proof of Theorem 1.16. 
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By. If all the relative Hilbert schemes have nonsingular total space, then the same is true for the 
relative compactified Jacobian. In [MY, MS], the families of cohomologies Rn^Q and Rtt^Q 
were shown to enjoy the following relation: 

^ 

2" (1-9)(1-9L) - (1-,)(!-« 

Here, IC denotes the intersection cohomology sheaf extending the given local system and 
p R l f * := p/ H l (Rf *) means the i’th perverse cohomology sheaf of the derived pushforward. We 
take the convention that intersection cohomology complexes ‘begin in degree zero’, so K is per¬ 
verse in our sense if A"[dim B] is perverse in the sense of [BBD], see §2.1.8 . 

We recall a few ideas from the proof. It follows from the ‘decomposition theorem’ of [BBD] 
that the middle term above is a direct summand both on the right and the left, and any other 
summands must have positive codimensional support, so it remains only to show that there are 
no such summands. On the RHS, hence on the LHS for n » 0 via the Abel-Jacobi map, this is 
a consequence of the ‘support theorem’ of [Ngo]. In [MY], this is bootstrapped to an argument 
for the LHS by constructing correspondences between the Hilbert schemes. In [MS], we take a 
different approach, suitable for both the LHS and RHS, to reduce checking to the nodal locus, 
where it may be done explicitly. We have since abstracted this method into the theory of higher 
discriminants [MS2]. Yet another approach to similar results can be found in [Ren]. 

Our present goal is to establish such a comparison over the locus of reduced curves - i.e., to 
treat the reduced but not necessarily irreducible case. As we already mentioned, there are already 
subtleties in the definition of the compactified Jacobian, but so long as the curves lie in a fixed 
surface or fixed family of surfaces or we are working in a neighborhood of some fixed curve, 
we can choose compatible stability conditions over the whole base and consider the relative fine 
compactified Jacobian 7 t j : J B. Second, due to the above stability issues, there is no Abel- 
Jacobi map directly relating the Hilbert schemes and the Jacobians. 

Third, it is no longer true in general that smoothness of J guarantees the absence of summands 
of Ru'l C with positive codimensional supports. 

Example 1.5. Consider a one-parameter family of elliptic curves degenerating to a cycle of ^ 2 
P 1 ’s. This family is its own relative fine compactified Jacobian [MRV1, Prop. 7.3], but evidently 
Rji'l Q has a summand supported at the special point to account for its extra H 2 . 

Nonetheless, over sufficiently big families, this phenomenon does not occur. 

Definition 1.6. We say n : C —* B is H-smooth if all relative Hilbert schemes have smooth 
total space. Note this includes = B. 

Example 1.7. Over any field, a versal family for a reduced curve with planar singularities is H- 
smooth, see e.g. [Sh, Prop. 17]. 

Theorem 1.8. Let tt : C —* B be H-smooth. Then no summand of Rtt'I (Qy has positive codimen¬ 
sional support. Thus, p R t n*Q e = IC(/\ l R 1 n sm *Qe), and the stalk at [C] of p R l does not 
depend on the choice of the H-smooth family C. Over a field of characteristic zero, Q f: can be 
replaced by Q. 

In some cases, this follows from the work of Chaudouard and Laumon [CL]. To prove the 
result, we use the method of higher discriminants [MS2], plus the following smoothness criterion, 
to reduce the result to the case of irreducible curves, where it is known [Ngo, MS]. 
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Theorem 1.9. Let n : (C, C) —» (S', 0) be a projective flat family of connected locally planar 
curves, with distinguished special fibre C —* 0. Let do : T a S —» TDef loc (C) be the induced 
map to the first-order deformation of the singularities of C. Let 7 (C) be the number of connected 
components of C, and 5(C) its cogenus. 

If Im(dcr) is a generic subspace ofV of dimension at least 5(C) + 1 — 7 (C), then the relative 
compactified Jacobian Jc is regular along the special fibre J o 

A more precise version of Theorem 1.9 can be found as Theorem 4.11. 

Even for H-smooth families - even for versal families - there are many summands of ' C 
which are supported in positive codimension. In fact, at a reducible curve [C] e B, there is such a 
summand for every splitting of C into connected subcurves. 

Nonetheless, we will establish various analogues of the main result of [MY, MS], both at a 
single curve, and globally for what we call independently broken families. 

Definition 1.10. Let V be a finite set. An independently broken family of reduced planar curves 
indexed by V is: 

• For each S e= V, a space Bs, and a flat family of reduced planar curves Cs —» B s 

• For each disjoint union S' ])J S" = S, an injective map B S ’ x B S " —» Bs 

• Fibrewise partial normalizations Cs> x B S " ])J Bs> x Cs» —» Cs\b s ,xb s „ 

• Such that every decomposition into two (not necessarily irreducible) components of each 
curve is uniquely realized by some such partial normalization 

• And so that the evident compatibilities for iterated disjoint unions are satisfied. 

Remark 1.11. What is being ensured by the above definition is that irreducible components can be 
varied independently, both in the local sense that they can be deformed independently, and in the 
global sense that there can be no possible monodromy of their names. 

Definition 1.12. An independently broken family of reduced planar curves indexed by V is Id- 
smooth if, for each S a V, the family of reduced planar curves Cs —* B s is H-smooth. 

Example 1.13. (Versal families.) Let C be a reduced planar curve. Let V be the set of its irre¬ 
ducible components, and for any Scf, let C 5 be the sub-curve formed by just the corresponding 
irreducible components. Then a miniversal family" C —> Def(C) can be extended to an indepen¬ 
dently broken family by adding the miniversal deformations of subcurves Cs —► Bs := Def(Cs). 
This family is H-smooth (see Theorem 4.15). 

Example 1.14. (Parabolic Hitchin systems.) Let X be a smooth curve, choose a point x e X, a 
number d > 0, and consider the surface Y which is the total space of ojx( d-x). We write Oy(n-X) 
for the linear system of compact curves in Y which are linearly equivalent to n copies of the zero 
section. Choose a general fibre of Y —> X and choose n general points, p 1 ,..., p n on this fibre. 

Let V = {pi,, p n }. For a given subset S c V, we take Cs — *• B s to be the family of curves in 
CV(IS) • X) which pass through the points in S. Note all curves in this family are reduced because 
the general points p, are in particular distinct. The structure maps are given by taking unions of 
curves inside Y . This is an independently broken family of curves. 

■ As versal deformations are not unique, there is some ambiguity amongst the following choices, upon which noth¬ 
ing depends. Here and throughout the paper, it suffices to take families which induce versal deformations of the 
singularities of C. We always understand the base of a versal deformation as an etale germ around a central point [C], 
which is to say, we allow ourselves to pass to a smaller etale neighborhood of this point in the base at will. This will 
be necessary to ensure that there is no monodromy of the irreducible components of C in the equigeneric stratum; see 
Lemma 2.3. 
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Example 1.15. (Nonexample: conics in P 2 ) Let U cP 5 be the Zariski open subset parameterizing 
reduced plane conics, and S c U the locus of reducible conics. The space S is the quotient by an 
involution of the complement of the diagonal in P 2 x P 2 ; in particular, tti(S) = TLjTL. This loop 
corresponds to the monodromy of a pair of lines around a double line, in which the two components 
are exchanged. Thus the tautological family over U is not independently broken. However, it does 
give a versal deformation of singularities, hence is in particular //-smooth. Notice that U is simply 
connected since P 5 \U has codimension three. 

In the context of an independently broken family, we have an ‘exponential map’ which acts on 
the category of sheaves on ]jj 5 B s by 


(1) E IP (X)| Bs :_ © 

s=LISi 

Here, we have identified ]jj[ Bs, with a subscheme of Bs via the structure maps. 


Theorem 1.16. Let Cs —» B s be an H-smooth independently broken family of locally planar 
curves over an algebraically closed field, admitting relative fine compactified Jacobians Js 
Bs. By definition the relative fine compactified Jacobian of a disconnected curve is empty. Let g 
denote the locally constant function giving the arithmetic genus of the curves being parameterized. 
Then there are isomorphisms in D b c { LJ /i,sj| [(/]]: 


00 

(9L) 1 -’© 


n =0 






Exp 



Exp 



0 ) Q l ' IC{/\ R 1 'K S m*Qh)[—i] 

(1 - q)( 1 - qh) 

®q i ■ p &njQi[-i] \ 

(l-g)(l-(/L) /' 


Example 1.17. Let C be the union of pair of lines, Ci, C 2 which meet once and transversely. A 
representative for Def(C) is given by taking the compactification of the map (x, y) *—> xy; in any 
case we denote this deformation C{ 1)2 j —> B{ig}- We complete this to an independently broken 
family by taking C; = £©} —► B^ = point (and 0 = C@ —» B 0 = 0). 

We want to compute directly the LHS and RHS of Theorem 1.16. We will just study the stalks 
at the point [C]. One has, e.g. from [Ran], 

[C w ] = [(P 1 )^] + [(P 1 P 1 )^- 13 )] • L 

hence the LHS is given by: 

00 

( g L) 1 -»© 9 “fl I rWQ,| [0] 

n =0 


On the RHS, we must compute the exponential. This amounts to summing over decompositions 
of the curve C; here there are just two, C = C and C = Ci u C 2 . All genera are zero and (hence) 
all fine compactified Jacobians are just points. Thus, the contribution of C = C is p_ y ^_ gL ) , an d 

y 2 


n— 1 


(f/L) 1 J] q n ( [P n ] + L • ^[p/jfF*- 1 -/] 

3=0 

/ OIL > 2 

+ 


n =0 

qh 


(l-q)(l-qE) \(1 - 0(1 - qh) 


the contribution of C = Ci u C 2 is 
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We briefly indicate the shape of the proof. Note first that the left hand side is independent of the 
family, and the right hand side is, by 1.8, independent of the choice of H-smooth family. To check 
this equality, in fact we will observe that both sides are pure complexes, base change to a finite 
field, show they have the same Frobenius traces at closed points, and then conclude by Cebotarev 
that they are equal. (This is why we require Q e coefficients.) This argument is pointwise on the 
base, so we may pass now to the versal family. Here, we use our knowledge of the maps 7 T J and 
7T N [FGvS, Sh, MRV2] to see that at-worst-nodal curves are dense in what are called in [MS2] the 
higher discriminants of these maps. Thus by [MS2] we are reduced to proving the statement for 
families of at-worst-nodal curves, where we establish the result by explicitly computing Frobenius 
traces of stalks. Determining these traces for the IC sheaves IC(/\‘ /? 1 7r sm *Q,) is the essential 
computation, which we perform in Section 3.4 using the Cattani-Kaplan-Schmidt complex [CKS]. 

Theorem 1.16 has the following local and global corollaries, by taking stalk or cohomology. 


Corollary 1.18. Let C be a reduced planar curve. We write C' < C to indicate a subcurve. There 
is an isomorphism 


00 

© 0°'(9lL) 1 ->l c ')® 9 ”//>((C') [ ”];Q ( ) = Exp 


C'<C 


71=0 


(y QC'jqL) 1 -^ 

Vct J c ( 1 -9)( 1 -^) 


QfGrfH*(J c; 


Here, GrfH* (J fy] Q/ : ) is by definition p R 1 tt*Qi[— i] |[c'] with respect to any H-smooth family con¬ 
taining C and Jq> is any fine compactified Jacobian of C' (with the convention that J& is the 
empty set for disconnected C'). 


Corollary 1.19. Let V be a finite set and {Cs —» Ifs\v<z.s be an independently broken family with 
quasiprojective bases Bs, admitting relative fine compactified Jacobians ir J s : Js Bs- Then 
there is an isomorphism 


00 

© Q s \qE) 1 ~^ ®q n H*(C [ ™)]Qf) = Exp 

S'czS 7i=0 


1,4 (! - «)(! - « L ) 


q'Gr' p H-iJsr, 



Here, Gr l P H*(J s'] Q^) is the associated graded of the global perverse Leray filtration coming 
from the map J s > —* B S '. 


The point of these results is that the perverse filtration appears prominently in recent studies of 
the cohomology of the Hitchin system [dCHM, CDP] and its fibres [GORS, OY], but is difficult 
to compute directly. On the other hand, the cohomology of the Hilbert schemes is more directly 
accessible, and the theorem explains how to recover the associated graded pieces of the perverse 
filtration on the Jacobian from the collection of all cohomologies of the Hilbert schemes. 

This sort of relation was in a certain sense predicted in the physics literature [GV, KKV, HST, 
CDP] as a relation between refined Gopakumar-Vafa invariants (here, the Jacobians) and the refined 
Donaldson-Thomas invariants (here, the Hilbert schemes). 
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2. Background 


2.1. Notation. 

2.1.1. A curve is a reduced (but not necessarily geometrically irreducible) scheme of pure di¬ 
mension 1 over a perfect field k. In practice we take k to be the complex numbers (C), a finite field 
(F,,-), or the algebraic closure of a finite field (F^). 

Unless otherwise specified, a curve is meant to be projective. 

2.1.2. Given a curve C, we denote by C sm the smooth locus of C, by C S i ng its singular locus and 
by v : C u —> C the normalization morphism. 

2.1.3. We employ the following names and notation for numerical invariants of a curve C: 


name 

notation 

formula 

number of irreducible components 

7(C) 


arithmetic genus 

9(C) 

1 - x(Oc) 

geometric genus 

g( 


cogenus, or total delta invariant 

5(C) 

g(C)-g(Cr) 

abelian rank 

<K C) 

g(Cn - 1 + 7 (C) 

affine rank 

5“(C) 

5(C) + 1 - 7 (C) = g(C) - gr(C) 


Recall that the cogenus is equal to the sum of the local delta invariants of the singularities: 

5(C) := [k(q) : k] ■ S(C,q) = £ [k(q) : k] ■ length (u^/CcV 

Q^C s i n g 9^C s i n g 

The terminology “affine rank” and “abelian rank” will be explained in 2.1.6. Note the abelian 
rank is also equal to the sum of the genera of the connected components of the normalization. 

The cogenus 5(C) and the affine rank 5 a (C) are upper semicontinuous in flat families of curves 
(see [DH, Prop. 2.4] or [GLS, Chap. II, Thm. 2.54] in characteristic zero and [Lau2, Prop. A.2.1] 
and [MRV2, Lem. 3.2] in arbitrary characteristic). Equivalently, the geometric genus and the 
abelian rank are lower semicontinuous. 

2.1.4. A curve C is locally planar at p e C if the completion Oc, P of the local ring of C at p has 
embedded dimension two, i.e., Oq, p = k[[x, y]]/(f), for some reduced / = f(x, y ) £ A:[[x, y]\. 

A curve C is locally planar if it is locally planar at every p e C. Being locally a divisor in a 
smooth space, a locally planar curve is Gorenstein, i.e. the dualizing sheaf coc is a line bundle. 

2.1.5. A subcurve D of a curve C is a reduced subscheme of pure dimension 1. We say that a 
sub-curve D ^ C is non-trivial if D A 0, C. 

2.1.6. Given a curve C, the generalized Jacobian of C, denoted by J c or by Pic-(C), is the con¬ 
nected component of the Picard scheme Pic(C) of C containing the identity, see [BLR, §8.2, Thm. 
3] and references therein for existence theorems. The generalized Jacobian of C is a connected 
commutative smooth algebraic group of dimension equal to h 1 ( C, Oc). Under mild hypotheses 
such as existence of a rational /. -point, or triviality of the Brauer group of k, certainly met in the 
cases k = F„., F-. C, its group of U-valued points, for k' a finite extension of k, parameterizes line 
bundles on C of multidegree 0 (i.e. having degree 0 on each irreducible component of C) with the 
multiplication given by the tensor product. 
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From the exact sequence of sheaves on C 

1 > d m * * h / ^G rn /^jr m > 1 

where u : C u —» C the normalization morphism, it follows easily that the generalized Jacobian Jq 
is an extension of an abelian variety of dimension g u ( C) (namely the Jacobian of the normalization 
C") by an affine algebraic group of dimension equal to <J“(C). 

2.1.7. We use L to mean “whatever incarnation of the Lefschetz motive is appropriate”. That is, 
if we are discussing ungraded vector spaces in the presence of weights, e.g. the K group of mixed 
Hodge structures or of continuous Z representations over Q h we mean a one dimensional vector 
space twisted by (—1). If we are working with graded vector spaces, i.e. in the derived category of 
the above rather than the K group, we mean a one dimensional vector space, twisted by (—1), and 
placed in cohomological degree 2, e.g. L = Q £ (—1)[—2]. In the Grothendieck ring of varieties L 
is the class of the affine line. 

2.1.8. Intersection cohomology and perverse sheaves. In this paper we use the convention accord¬ 
ing to which the intersection cohomology complex IC(L) of a local system L on a dense open set 
Z° of a nonsingular variety Z restricts to L, as opposed to L[dim Z]. In our convention we say K 
is perverse on Z if and only if K [dim Z\ is perverse in the sense of [BBD]. Thus, given a local 
system L' on a locally closed Z' c Z, the complex IC(L')[— codimZ'] is perverse. 

2.2. Deformation theory of locally planar curves. We recall facts about the deformation theory 
of of locally planar curves and their simultaneous desingularization. These facts are well known 
over the complex numbers; original proofs can be found in the papers [Tes, DH] and a textbook 
treatment in [GLS]. They have also been partially extended to positive characteristic in [Lau2], 
[MY], [MRV2]. For maximal accessibility we give in the footnotes precise references to the book 
of Sernesi [Ser] for some of the standard deformation theoretic facts we use. Deformation theory 
operates with formal schemes, and we use Spf to denote the formal spectrum. 

Let Def c be the deformation functor of a (reduced and projective) curve C. 4 For p e C sing , we 
denote by Defc, p the deformation functor of the complete local k -algebra O c , P - 5 There is a natural 
transformation of functors 

(2) Def c -Def£ c := Def c , P . 

PE C s i n g 

If C has locally planar singularities (or, more generally, locally complete intersection singularities), 
the functors Defc an d Defc c are smooth 6 and the morphism (2) is smooth. 7 

The functor Defc admits a semiuniversal (or miniversal) formal couple 8 (Rc,C), where Rc is a 
Noetherian complete local /c-algcbra with maximal ideal me and residue field k and 

C e Defc(I?c) :=limDef c 

is a formal deformation of C over Rq- That is, the morphism of functors 

(3) h Rc : = Hom(i? c , -) —* Def c 

4 [Ser, Sec. 2.4.1] 

5 [Ser, Sec. 1.2.2] 

6 [Ser, Cor. 3.1.13(h) and Ex. 2.4.9] 

7 [Ser, Prop. 2.3.6] 

8 [Ser, Cor. 2.4.2] 
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determined by C is smooth and induces an isomorphism of tangent spaces 9 

TR C : = (m c /m^) v ^TDef c 

The formal couple (Rc, C) can also be viewed as a flat morphism of formal schemes 10 

(4) 7f : C - Spf R c , 

such that the fiber over [me] e Spf Rc is isomorphic to C. 

Since C has locally planar singularities, and hence Defc is a smooth functor, the semiuniversal 
formal couple (Rq,C) is unique 11 and Rc is formally smooth: Rc = k[[Ti ,..., Tjv]] for some N. 

Since C is projective and H 2 ( C, O c ) = 0, Grothendieck’s existence theorem 1 ' gives that the 
formal deformation (4) is effective, i.e. there exists a deformation tt : C —► Def(C) of C over 
Def(C) := Spec Rc whose completion along C = 7r _1 ([mc]) is isomorphic to (4). In other words, 
we have a Cartesian diagram 


(5) 


C^- 


C 


c 


Spec k = [mc] ( -^ Spf Rc 


Spec Rc = Def(C) 


The deformation tt is unique. 13 

The space Def(C) admits a stratification (called the equigeneric stratification ) into locally closed 
subsets according to the cogenus of the geometric fibers of the family tt. More precisely, using the 
notation introduced in 2.1.1, consider the cogenus function 


( 6 ) 


5 : Def(C) —* N, 

1 1-» S(Cj), 


where Cj := tt 1 (t) Xk(t) k(t) is a geometric fiber of n over the point t e Def(C). 

We call the strata of constant cogenus the equigeneric strata, and write 

(7) Def(C) 5=d := {t e Def(C) : 5(Cf) = d } 

(8) Def(C) fed := {t e Dcf(C) : 5(Cj) > d} 

These are empty unless 0 ^ d ^ 5(C) = g( C) — g(C u ), and by upper semicontinuity of 5 (see 
2.1.3) we have Dcf(C) 5&d = Def(C)' 5=rf . 

The main properties of the equigeneric strata are contained in the following result, due originally 
to Teissier and Diaz-Harris if k = C (see [GLS, Chap. II]), and subsequently extended to fields 
of big characteristics in [MY, Prop. 3.5] and then to fields of arbitrary characteristics in [MRV2, 
Thm. 3.3], 


Fact 2.1. Assume that C is a (reduced and projective) curve with locally planar singularities. 
Then, for any 0 ^ d ^ 5(C), 

(i) The closed subset Def(C) <55sd c Def(C) has codimension at least d. 

(ii) Each generic point r/ o/Def(C)' 5Ssd is such that Cjj is a nodal curve with d nodes. 

9 [Ser, Sec. 2.2] 

10 [Ser, p. 77] 

11 [Ser, Prop. 2.2.7] 

12 [Ser, Thm. 2.5.13] 

13 [Ser, Thm. 2.5.11] 
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On the normalization of each equigeneric stratum of Def(C), the pull-back of the universal fam¬ 
ily tt : C —> Def(C) admits a simultaneous normalization. More precisely we have the following 
result which was originally proved in [Tes, 1.3.2] if k = C and then extended to arbitrary fields in 
[Lau2, Prop. A.2.1]. 

Fact 2.2. Assume that C is a (reduced and projective) curve with locally planar singularities. For 
any 0 ^ d ^ 5(C), consider the normalization Def(C) 5=d of the equigeneric stratum with cogenus 
d and denote by 7t d : C s=d —» Def(C) 5=d the pull-back of the universal family tt : C —* Def(C). 
Then the normalization i/ 1 : C s=d —> C s=d is a simultaneous normalization of the family n d , i.e. 

(i) the composition i/ 1 : C s=d C s=d > Def(C) <5=d is smooth; 

(ii) the morphism i/ 1 induces the normalization morphism on each geometric fiber of n d . 

Using the above Fact, we will prove the following result which is needed later on. 

Lemma 2.3. With the same assumptions as before, consider the equigeneric stratum of maximal 
cogenus, A := Def(C) 5=5 ( c \ and let Ca —» A be the restriction of the universal family n : C —» 
Def(C) to A. Then on A the following properties hold true 

(1) the sheaf of sets of the irreducible components is constant; 

(2) the sheaf of sets of connected subcurves is constant. 

Proof. Let us first prove (1). Consider the normalization A —> A and denote by C% —» A the pull¬ 
back of the family Ca —> A. According to Fact 2.2, the normalization —► C^ is a simultaneous 
normalization of the family —► A. In particular, the sheaf of connected components of the 

family Cy —> A, which coincides with the pull-back to A of the sheaf of irreducible components 
of the family C^ —> A, is locally constant on A, hence constant on each connected components 
of A. However, since A has a unique closed point, namely the central point [me] e Spec Rc, 
each connected component of A contains some closed point mapping to [me]; hence the sheaf of 
connected components of —> A is constant. From this, we deduce that the sheaf of irreducible 
components of Ca — 5 ► A is also constant. 

Let us now prove part (2). From (1), we have that if Ca = Uili ’ s the decomposition into 
irreducible components, then the decomposition into irreducible components of the geometric fiber 
Cj over any point t e A(C) equals ]jf =1 Cj\ For each t, we have, by Hironaka’s formula [GLS, 
Lemma 3.3.2] 

N 

(9) «(<y=2*(<f)+ 2 ICfnCfl. 

2=1 1 ^k<l^N 

The delta invariant and the intersection numbers of the subcurves are upper semicontinuous func¬ 
tions in flat families. As the sum (9) is constant, we have that 8{C^) and |C^ n Cj } don’t depend 

on t. Assume (J). =1 C« is a connected subcurve of the central fibre such that, for some t, UI=i ' 
is disconnected, namely, up to a renumbering, we have 
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Denoting C' = IJLi an d C" = (J| =a+1 by the argument above we have |C' n C"| = 
\Cj n Cj \ = 0. Since C and C" have no common component, their intersection number is strictly 
positive unless the curves are disjoint, which would contradict the connectedness of (J* =1 C«. □ 

2.3. Fine compactified Jacobians. We collect results on fine compactified Jacobians of con¬ 
nected (reduced projective) curves with locally planar singularities and their families. 

2.3.1. Fine compactified Jacobians. Throughout this subsubsection, we fix a connected (geomet¬ 
rically reduced and projective) curve C over a field k and we set C := C (x) fc k. Moreover, given a 
sheaf X on C, we denote by X its pull-back to C. 

Fine compactified Jacobians of C will parametrize certain sheaves on C, which we now intro¬ 
duce. 

Definition 2.4. A coherent sheaf X on a curve C is said to be: 

(i) rank- 1 if X has generic rank 1 at every irreducible component of C; 

(ii) torsion-free (or pure of dimension one) if Supp(X) = C and every non-zero subsheaf J X 
is such that dimSupp(J') = 1. 

Note that any line bundle on C is a rank-1, torsion-free sheaf. 

The construction of fine compactified Jacobians of a reducible curve C will depend on the choice 
of a general polarization on C, which we now introduce. We follow the notation of [MRV1]. 

Definition 2.5. 

(i) A polarization on a curve C is a collection of rational numbers m — { one for each 
irreducible component Q of C, such that \m\ := ^ZXci e We call |m| the total degree of 
m. Given any subcurve D c= C, we set m D := ^ m c .. 

C iSD 

(ii) A polarization m is called integral at a subcurve D ci C if m E e Z for any connected 
component E of D and of D c . A polarization is called general if it is not integral at any 
non-trivial subcurve DcC. 

Given a polarization m on C, we can define a (semi)stability condition for torsion-free, rank-1 
sheaves on C. To this aim, for each subcurve D of C and each torsion-free, rank-1 sheaf X on C, 
we denote by X D the quotient of the restriction X\ D of X to D modulo its biggest torsion subsheaf. 
It is easily seen that Xd is torsion-free, rank-1 sheaf on D. 

Definition 2.6. Let m be a polarization on C. Let X be a torsion-free rank-1 sheaf on C of degree 

d = \m\. 

(i) We say that X is semistable with respect to m (or m-scmistablc) if for every non-trivial sub¬ 
curve D a C, we have that 

(10) X(X D ) ^ m D , 

where x denotes the Euler-Poincare characteristic. 

(ii) We say that X is stable with respect to m (or m-stable) if it is semistable with respect to m 
and if the inequality (10) is always strict. 

General polarizations on C can be also characterized more geometrically: 

Lemma 2.7. [MRV1, Lemmas 2.14, 5.13] Let mbe a polarization on a curve C. If m is gen¬ 
eral then every rank-1 torsion-free sheaf which is m-semistable is also m-stable. The converse 
implication is true if C has locally planar singularities. 


14 


LUCA MIGLIORINI, VIVEK SHENDE, AND FILIPPO VIVIANI 


Fine compactified Jacobians were constructed in full generality by Esteves in [Est]. 

Theorem 2.8 (Esteves). Let C be a geometrically connected curve and mbe a general polarization 
on C. There exists a projective scheme J cirri), called the fine compactified Jacobian of C with 
respect to the polarization m, which is a fine moduli space for torsion-free, rank-1, m-semistable 
sheaves on C. 

Since m is general, sheaves in J c (m) are m-stable, hence geometrically simple, by Lemma 2.7. 
This is the reason why J c (m) is a fine moduli scheme. Observe also that, clearly, we have that 

J C {ill) = -%(—)• 

We denote by Jc(fZf) the open subset of Jc (m) parametrizing line bundles on C. Note that 
is isomorphic to the disjoint union of a certain number of copies of the generalized Jacobian 

J c = Pic-(C) of C. 

If C has locally planar singularities and k = k, its fine compactified Jacobians enjoy the follow¬ 
ing properties (see [MRV1, Thm. A]). 

Theorem 2.9. Let C be a connected curve with locally planar singularities over k = k and m a 
general polarization on C. Then 

(i) J c (m) I s a connected reduced projective scheme with locally complete intersection singular¬ 
ities and trivial dualizing sheaf 

(ii) Jc(m) is the smooth locus of Jc(lR)- In particular, Jc (m) is dense in Jc{HL) an d Jcim) has 
pure dimension equal to the arithmetic genus g( C) of C. 

(iii) The number of irreducible components of J c (m) depends only on the curve C and not on the 
polarization m. 

Therefore, the number of irreducible component of any fine compactified Jacobian of a con¬ 
nected curve C with locally planar singularities over k = k is an invariant of C, which is usually 
called the complexity of C and denoted by c(C). We refer the reader to [MRV1, Sec. 5.1] for an 
explicit formula for c(C) in terms of the intersection numbers between the subcurves of C. We just 
mention that if C is nodal, then c(C) is given by the complexity of its dual graph, i.e. the number 
of its spanning trees. 

The above Theorem (2.9) implies that any two fine compactified Jacobians of a curve C with 
locally planar singularities over k = k are birational Calabi-Yau (singular) varieties. However, in 
[MRV1, Sec. 3], the authors constructed some nodal reducible curves which do have non isomor¬ 
phic (and even non homeomorphic if k = C) fine compactified Jacobians. Despite this, the first 
part of our Main Theorem 1.16 implies that any two fine compactified Jacobians of a curve C with 
locally planar singularities have the same Betti numbers if k = C, recovering in particular Theo¬ 
rem 2.9(iii). It is shown in [MRV2] and [MRY3] that all fine compactified Jacobians are derived 
equivalent. 


2.3.2. Relative fine compactified Jacobians. Given a family it : C —* B of geometrically con¬ 
nected (and geometrically reduced) curves, i.e. a projective and flat morphism 7r whose geometric 
fiber Cj; := ir _1 (6)(x) fc ( fe ) k{h) over any point he B is a connected (and reduced) curve, a relative fine 
compactified Jacobian for n is a scheme tt 7 : J c —> B projective over B, such that the geometric 
fiber ( J c )i := (n J )~ 1 (b) <8>k(b) k(b) over any point b e B is a fine compactified Jacobian for the 
curve Cj r 
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In the sequel, we will need the existence of relative fine compactified Jacobians for the semiuni- 
versal deformation C —* Def(C) of a geometrically connected (geometrically reduced and projec¬ 
tive) curve C. More precisely, we have the following 

Theorem 2.10. Let C be a geometrically connected (reduced and projective) curve over k and let 
mbe a general polarization on C. There is a relative fine compactified Jacobian tt j : Jc(el) —*■ 
Def(C ) for the semiuniversal deformation family tt : C —> Def(C) of C such that the central fiber 
Jc(EL )o is isomorphic to Jc(rri). 

Furthermore, if C has locally planar singularities then 

(i) 7r J is flat with geometric fibers of pure dimension g(G); 

(ii) Jc(el) is regular and irreducible. 

Proof The proof in the case k = k is given in [MRV1, Thm. 5.2, Thm. 5.3], building upon the 
work of Esteves [Est]. However, an inspection of loc. cit. reveals that the same proof goes through 
in the case of an arbitrary field k. □ 

In [MRV1, Thm. 5.2], the reader can find an explicit description of all the geometric fibers 
of 7r J : Jc{m) Def(C), which in particular shows that the above relative fine compactified 
Jacobian is unique. 

A slight adaptation of the proof of the above Theorem 2.10 (which however we omit since it is 
not needed in the present work) gives the following existence results, the first one is global and the 
second one is local. 

Proposition 2.11. Let tt : C —> B be a family of geometrically connected curves. 

(1) Up to passing to an etale cover of B, there exists a relative fine compactified Jacobian 
7T J '. J q —» B for TT. 

(2) Fix a point b e B and a general polarization m on the fiber Ci> over b. Then, up to replacing 
B with an etale neighborhood of b, there exists a family of fine compactified Jacobians 
tt j : Jc(m) —» B such that Jc(llk)b = Jc b (UL)- Moreover we have (up to replacing B with 
an open neighborhood ofb): 

(i) if Ci has locally planar singularities and B is geometrically unibranch (e.g. normal) 
and reduced at b, then tt j is flat with geometric fibers of pure dimension g(Cf); 

(ii) if Ci has locally planar singularities and tt is versal at b, then Jc(m) is regular. 

2.4. Cohomology. For the proof of our main result, Theorem 1.16 we need to reduce to positive 
characteristic and use some results on l— adic sheaves and their weights, which we now shortly 
review. See [BBD, Del], and [KW] for a textbook exposition. In Appendix A we give some details 
on the “CKS complex”, which plays a major role in this paper, in the etale setting. 

In this section, we work over a finite field F„-, with tt = p r and its algebraic closure FF. For a 
scheme X/$ n , or a sheaf JF over it, we write X := X x F?r F^, T, etc. for their base changes to the 
algebraic closure. 

By a “sheaf on X ” we always mean a constructible Q r sheaf. We use the term “local system” 
for what is usually called a “lisse sheaf”, for homogeneity with the complex case. We denote by 
D b c (X ) the constructible derived category, see the discussion in [BBD, §2.2], and by K(D b c (X)) its 
Grothendieck group. 

We denote by |X|, resp. \X\ the set of closed points of A, resp. X. We identify 

\X\ = X(¥ n ) = Hom(Spec(F 7r ),X). 
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Given X there is a ‘relative’ Frobenius morphism Fr : X —» X of schemes over F*-, and, for 
every r, the set X(F^-r) of F^r-valued points is identified with the fixed points of Fr r in A". 

Given I\ s D b (X ) on X, its pull-back K to X is endowed with an isomorphism F* : Fr*I< —* 
K, inducing a morphism F* : H*(X, K) —» H*(X, K), and, since Frobenius is a proper map, 

F* : H*(X,K) — H*(X,K). 

For x e X(F w r) = (X) Frr , and T a sheaf on X, there is an induced isomorphism 

(Fir- 

where x is a geometric point lying over x. Its trace is independent of the choice of the geometric 
point and will be denoted tr((F£)* : T x —> T x ). In general we will write simply “tr” to indi¬ 
cate, when applied to a graded endomorphism, the usual alternating sum of traces, namely, for an 
endomorphism A = ©Aj of a graded vector space V = ©V*, we set 

trA = ^(-iytr(A t : V, - V). 


The Grothendieck-Lefschetz trace formula asserts that, for 
(11) tr (F*:H* C (X,K)^H* C (X,K))= £ tr(F* : H(K) X - H(K) X ), 

xeX(F„) 

where by V.(K) X we mean the graded vector space ®iH l {K) ,\ -i\. In particular when T = Q e , 
the formula asserts that the number of points over F„- is the trace of Frobenius on the compactly 
supported cohomology of X. Clearly a similar formula holds for the powers of the Frobenius map. 
The ‘sheaf-function correspondence’ collects the pointwise traces of a sheaf: 

[iT]:]JX(F^) -> Q £ 

n 

XS X(W^) - tr ((F?)* :K X ^K X ). 

The map K —> \K] factors through K (D b (X)). According to [Lau, Thm. 1.1.2], in fact it 
determines an injection from K(Z^(A)) to collections of functions on the A^F,,-™). 

We recall the formalism of weights. Fix an embedding Q f: —* C; we use | • | to denote the absolute 
value of C. The ‘weight’ of an element £ e Q e is by definition 2 log^ |£|. An endomorphism of an 
vector space is said to be pure of weight w if all its eigenvalues are. A sheaf A” on A is pointwise 
pure of weight w if, for any closed point x e |A|, the endomorphism (F deg ^)* : F x —> F x is 
pure of weight deg(x)tu. (E.g., the constant sheaf Q f is pointwise pure of weight zero, and the Tate 
sheaf Q £ (l) is pointwise pure of weight — 2. ) 

A sheaf T is said to be mixed of weight A w if it is an iterated extension of sheaves which are 
pointwise pure of weight ^ w and K e D b c (X) is said to be mixed of weight ^ w if W(K) is 
mixed of weight ^ i + vj. (E.g., Q £ is mixed of weight ^ 0, and Q £ [l] is mixed of weight ^ 1.) 

Remark 2.12. Since all sheaves and complexes of sheaves which we encounter are mixed, we 
will still denote by D b {X) the triangulated subcategory of the constructible category consisting of 
mixed complexes. The stability properties of this category are stated in [BBD, 5.1.6 and 5.1.7]. 
For the sake of notational simplicity we will denote by /*, f\, instead of i?/*, Rf\ the direct image 
functors. 
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An object in D b (X ) is pure of weight w if it is mixed of weight ^ w, and its Verdier dual is 
mixed of weight ^ —w. This notion is different from that of being pointwise pure. For example, 
the constant sheaf (Qy is always pointwise pure of weight 0. On a smooth space, it is also pure: it 
is certainly mixed of weight ^ 0, and DQg = (Qy [2 dim X] (dim X) is pointwise pure of weight 
2 dim X — 2 dim X = 0. However, for a general space X, purity of (Qy is equivalent to the assertion 
that (Qy is the intersection cohomology sheaf of X. 

The following facts about weights are hard to prove ([Del]) but easy to use. Given any map 
/ : X —> Y, if K e D b (X) is mixed of weight ^ w, then so is f\K. It follows by a duality 
argument that if K is mixed of weight ^ w then so is f*K ([BBD, 5.1.14]). 

By [BBD, Cor. 5.3.4], every simple perverse sheaf is pure, and every pure complex of sheaves 
becomes a sum of shifted simple perverse sheaves after pulling back to X. We will require the fol¬ 
lowing variant of the statement that the trace function of a sheaf determines its class in K(D b (X)): 

Lemma 2.13. Let K,L e D b (X) be pure of the same weight w, and sums of shifts of simple 
perverse sheaves. If [K] = [L], then I\ = L. 

Proof By Noetherian induction, it suffices to treat the case where X is smooth and K, L are sums 
of shifted semi-simple local systems, say K = 0 K a [—a] and L = 0 L a [—a ]. For x e X(F^m), 
the function [A"] determines the set of eigenvalues of Frlf. The ones belonging to K„ are those of 
absolute value 7r ( u ’+ a )/ 2 , hence we may recover [K a ] for every a. By hypothesis we have | I\ a \ = 
[L a ], which, by a standard argument relying on Chebotarev theorem (see [Lau, Prop. 1.1.2]) 
implies K a = L a for every a. □ 


3. Nodal Curves 

3.1. Notation. In this section our curve C is a (reduced) nodal curve, defined over a finite field 

k = F,,-, and C := C (x) fc k. 

The statements in this section have an obvious counterpart if the curve is defined over the field 
of complex numbers and we consider the weight formalism coming from Mixed Hodge theory. Let 
I be a prime number other than the characteristic of k; we work throughout this section with etale 
cohomology with coefficients in (Qy. 

3.1.1. The dual graph. We write F = F^y for the dual graph of the curve C: its vertices v e V 
correspond to the irreducible components of C, and its edges e e E correspond to the nodes of C. 
Note that, since we do not assume C geometrically connected, F may be disconnected. The Galois 
group Gal(k/k) acts on the graph T, and in particular on the sets E and V. 

We write V = Vr := Co(r, (Qy) and E = E r := Cj (T, (Qy) for the Qa\.(k/k) -modules of zero- 
and one-simplicial chains on F. Explicitly, V is the (Qy-vector space of Q r linear combination 
of vertices of Y and E is the (Qy-vector space of (Qy-linear combination of oriented edges of F 
modulo the relation e = — e, where e and e denote the two oriented edges corresponding to an 
(unoriented) edge e of T. The actions of Gal (k/k) on V and E are induced by the action on V and 
E so that V is a permutation representation while E is only a signed permutation representation 
(because the Galois action can reverse the oriented edges of F). The homology of the graph F is 
defined via the following exact sequence 

(12) 0 —► Hi(T,Q e ) —> E —^ V —> Ho(T,Qt) - 0, 

where d is the boundary map which sends an oriented edge into the difference between its target 
and its source. 
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We write V* = C^fT, Q^) and E* = C' 1 (r,Q £ ) for the dual Gal(/c//c)-modules of zero- and 
one-simplicial cochains on T. Since ¥ and E are both signed permutation representations, there 
are isomorphisms of Gal(A;//c)-modules E ^ E* and ¥ = V*. The cohomology of T is defined by 
mean of the following exact sequence 

(13) 0 H 0 (T,Q e ) —» ¥* E* —> H\ T,Q £ ) -> 0, 

where d* is the dual of the map d. 

When k is a finite field, we will want the weights of the Frobenius action on E, ¥, E*, ¥*, 
i/o(r,Qf), Hi(T,Q e ), H°(T,Q e ), f/ 1 (r,Q £ ). Since in each case, the Gal (k/k) action factors 
through a finite group, all these spaces are pure of weight zero. 

3.1.2. Geometric interpretation of the cohomology of the dual graph. These vector spaces arise 
geometrically from curves related to C by normalization and deformation. 

Cohomology of the graph comes from the normalization v : C —> C. The sequence of sheaves 

0 —» Qf —*■ —* 0 

yields by taking cohomology: 

0 - H°(C,Qt) - - H°(C,u,Qt/Oe) - C,Q,) - H\C\Q £ ) - 0. 

We have defined ¥*, E* so as to have canonical, Gal(/c//c)-equivariant identifications 

¥* = 

E* = H°( C,uM/Qi) 

Substituting in fT 1 (T, Q £ ) = Cok(f/°(C^, Q^) —» H°(C, v*Q e /Qg)), we find the short exact 
sequence 

0 -> H\T,Qe) - H\CM -> H\C\ Qf) - 0, 

which, since is pure of weight zero and H 1 ( C^,Q £ ) is pure of weight one, gives the 

weight filtration of iF 1 (C, Q £ ). 

On the other hand, homology of the graph comes from a one-parameter smoothing a : C —* D 
of C, with special fibre C 0 = C and geometric generic fibre C- r The cohomology of the nearby- 
vanishing sequence gives: 

(14) 0 - ^(C,^) -> H\C^ Q,) - ^(C^Q,) -> H 2 (C,Qe) - H 2 {C^M,) - 0. 

By Poincare duality we have 

H 2 (C,Qi) = H 2 (C\Q £ ) ^ H°(C\Q t y®h = ¥ (x) L 

and, likewise 

U 2 {C- V Q,) ^ H\C^ Q e )* ®L ^ H°(C,Q e )* (x) L. 

Finally, we have by Picard-Lefschetz formula ([Mil], p.207): 

H\ = E ® L. 

Substituting in formula (14) we find: 


i 


i 
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The (monodromy-)weight filtration on Qp) is: 

WoH\CrfMt) = 
W 1 H\C Jf ,Qi) = 

W 2 H 1 (Crj,Qf) = 


H\r,Qi), 
H\C, Qt), 
H l (C n , Qp), 


with associated graded pieces 

Gr^H^Qe) 
Gr?H\C» Q e ) 
GrYH\C» Q e ) 


h\t,q £ ), 

h\c\q £ ), 

^i(r,Q,)®L. 


3.1.3. Subgraphs and partial normalizations. For every subset IcE,we factor the normalization 
map 

where uj : C 1 —* C is the partial normalization of the nodes of the subset I, and if : (f —> C ’ for 
the remaining normalization. We have sequences 

0 -> H°(C,Q t ) - H 0 (C J ,Q £ ) -> H°(C,ujM/Qt) ^(C,Q £ ) - H 1 ^ 1 ,Qi) - 0 

and 

0 - H°(c\q £ ) - H°(C\Q e ) - H°( c 7 , uiQM) - H\c\q £ ) - H\C\® £ ) - 0. 

The dual graph of the partial normalization c/ is the graph T\I, which is obtained from T = Tc 
by deleting the edges corresponding to I. As in §3.1.2, we have canonical identifications Ej^p = 

H°(C 1 , vlQ £ /Q £ ) and V* v = H 0 (C\Q £ ) = ¥£ = ¥*. Moreover, we set E? = H°{ C, vrM/Qi) 
so that we have a canonical splitting E* = Ep = E™ 7 © E|. 

We now introduce a collection of subsets of E which will play an important role in what follows. 

Definition 3.1. We write ffl") for the collection of subsets of E whose removal disconnects no 
component of T, i.e. a subset I E belongs to i^(T) if and only if T\I has the same number of 
connected components of T. 

We set 7u(T) := #{/ e #(T) | dim H ] (T\/) = i). 


Note that n 0 (T), i.e. the cardinality of the set of maximal elements of ^(T), is also equal to the 
complexity c(T) of T, i.e. the number of spanning forests of T. 

An alternative characterization of the elements of (T) is provided by the following 

Lemma 3.2. A subset I E belongs to ^(T) iff the composition Ep —*• E* —*• H L (T,Q £ ) is 
injective. In that case, the following sequence is exact: 

0 - Ep* - h\t\i,q £ ) -> 0. 

Proof. The inclusion of graphs T\I T induces a pull-back map from the sequence (13) to the 
analogous sequence for V\I. Applying the snake lemma to this map of sequences and using that 
¥p\p = ¥p, we get the exact sequence 

0 - H°( T,Qp) - H°(T\I,Q e ) - E* - H\T,Q £ ) H\T\I, Qp) - 0. 

By Definition 3.1, the subset I belongs to ^(T) if and only if the map H 0 (T, Qp) —* H°(T\I, Qp) 
is an isomorphism. By the above exact sequence, this happens precisely when the map E* —» 
H 1 (T, Qp) is injective and in that case we get the required short exact sequence. □ 
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Remark 3.3. It follows from Lemma 3.2 that C €{E') is the collection of all subsets of E whose 
images under the map E* —» // 1 (T. (Qy) remain linearly independent. Thus (T) is the collection 
of independent elements of a (representable) matroid - in particular, a simplicial complex - which 
is usually called the cographic matroid of the graph T. 

Fixing orientations of each edge e e E of T and an ordering on E determines, for all / c E, 
‘volume’ elements e* e a^E*, well defined up to a sign. Lemma 3.2 may be reformulated as the 
assertion that / e ^(T) if and only if the image of e* in a Q £ ) is non-zero. Indeed, even 
more is true as the following Lemma shows. 

Lemma 3.4. If I s %'( Y ), there is an injective map, well-defined up to a sign, 

a ej : aHF- ^H\r,Q £ ). 

Proof. The map is defined by lifting rj e A, l ^ 1 ^H 1 (r\I,Qf) arbitrarily to an element in A* _ l / lfT 1 (r, Q^), 
and then wedging by e*. This is well defined because the ambiguity in the lift is killed by a e *. □ 


3.2. Counting points on the Hilbert schemes of points. The aim of this section is to determine 
the zeta function of the Hilbert schemes of a nodal curve over a finite field. 

First we recall how the Hilbert scheme factors, in the Grothendieck ring of varieties, into local 
contributions. Let for the moment C be any reduced curve over any field k. Let —> (f n) be 

the Hilbert-Chow morphism from the Hilbert scheme to the symmetric product. For a point p <= C, 
we write Cp" for the preimage of n ■ \p\ under the Hilbert-Chow morphism. 

For any finite collection of points V c= C, we have the following equality of series: 

00 / GO \ /°0 

(15) q n ■ CM = 2 q n ■ (C \P)™ ■ f] 2 ■ c ? ] 

n =0 \n=0 / peV \n =0 


For our purposes, it will suffice to know this equality at the level of zeta equivalence, i.e. to see that 
both sides have the same number of points over finite fields. For this, it is enough to observe that 
every point in is the union of a subscheme supported on V and a subscheme supported off V. 
But in fact, a standard fpqc descent argument shows that we have an identity in the Grothendieck 
ring of varieties I\ 0 (Var/k)\[q]]. 

We now turn to the problem at hand. Let C be a nodal curve over F„-, and let v : C u —* C be its 
normalization. Since we are interested in counting points, let C and C be the corresponding curves 
over the algebraic closure. We write E for the singular set of C, since these points are naturally 
identified with the set of edges in the dual graph. We write E u := u -1 (E) for its preimage; note 
this is naturally identified with the oriented edges of the dual graph. 

In what follows we work with the Grothendieck group of F,,- varieties up to zeta-equivalence, 
which in practice means that all equalities are asserting Gal(F 7r /E 7r )-equivariant bijections of sets 
of Eff-points. 

We first analyze the Hilbert schemes of the normalization; as this curve is smooth, these are just 
symmetric powers. Nonetheless we subject them to equation 15. 


2 9 ” ■ (C 7 






71 = 0 


S 9” ■ (C"\E-)M L Yl £ 9” ■ (C7 

\n=0 / eeE" \n=0 


£ ■ (cV)!"] ■ I 


in=0 


eeE" 


1 - q ■ [e] 
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Note that the Galois group acts on E", and that the above equation is Galois-equivariant. Again, 
this means that both sides are formal power series of sets on which the Galois group acts, and the 
above equation asserts a bijection. 

We turn to the Hilbert schemes of C. We have 

00 / 00 \ / 00 \ 

£ q n ■ c w =(s 9 ” • (c\ e ) w - n xy ■ (cj w 

n =0 \n=0 / eeE \n=0 ) 

Fix some e e E; we will study C^. We have naturally c!° = | Spec F_] = 1 and C|.' = [e]. 
Forgetting for the moment the Galois action, the Hilbert schemes of points on nodal curves are 
explicitly described in, for instance, [Har, Prop. 3.1] and [Ran, Thm. 1], For n > 2, the space 
ci"' consists of a chain of (n — 1) rational curves, meeting at the points which correspond to the 
monomial ideals (x a , y n ~ a+x ) for a = 2,..., n — 1. The nonsingular points of the i-th component 
correspond to the ideals (y l + ax n ~ l ) for a e G m , plus the two remaining monomial ideals ( x n , y) 
and (x, y n ). 

Now remembering the Galois action, note that the n monomial ideals above are naturally iden¬ 
tified with Sym n ~ l {e v ), where e u = {e, e} denotes the two-point set of preimages of e under 
the normalization map. Similarly, the complement of these points is naturally identified with 
Sym n ~ 2 (e l/ ) ■ [G m ]. The meaning of such assertions is always that the equality is natural in these 
names and so when we plug it back into Equation 15, the symbols will have their evident meaning 
in terms of the Galois action. 

For the purpose of studying the Galois orbits, [e] fc all behave identically for k ^ 1. Similarly, 
since e —* e comes from a map defined over F^, we can always replace [e] with [e][e]. We also 
have [e][e] = [e] . Finally, we introduce the symbol % e := [e u ] — [e]. Note that, just as the e 
naturally form the set E, the Xe are naturally the basis of E. 

We compute: 

00 00 00 

2>"-( C e ) W = 1 +q-[e] + Y i q n -Sym n -\e") + [G m ]-Y i q n -Syrri n - 2 (e 1 ') 

n=0 n =2 n=2 

1 + _ g ■ [e] _ + q 2 ■ G m • [e] 

(1 - g ■ [e])(l - q ■ [e]) (1 - g • [e])(l - g • [e]) 

1 ~ g ■ ([e^] - [e]) + q 2 • [e] • L 
(1 - g ■ [e])(l - g ■ [e]) 

i - g ■ Xe + g 2 ■ [e] ■ L 
(l-9-[e])(l-?-[e]) 

Doing so, we are left with the equations 


and 


£ 4"■(C‘ 


£ q n ■ (CAE* 


n 


n =0 


\n =0 


eeE v 


[ V 1 - q- [e] 


00 / GO \ ! 

£«”'C W = £ 4- ■ (C\E)W . n 

n =0 \n=0 / eeE ' 

Dividing the second by the first and observing C^\E 1 ' 


i - g ■ Xe + q 2 ■ [e] • L \ 

(l-g-[e])(l -q-[e])J 

= C\E yields: 
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Proposition 3.5. Let C be a nodal curve over k. Then we have an equality in the Grothendieck 
ring Kq (Var/k) of varieties over k modulo zeta equivalence: 

V n n rW 

^gn( C ,)M = n i 1 - 9Xe + Q 2 ■ [e] ■ L) 

Remark 3.6. This proposition can also be deduced from the upcoming Theorem 3.13 which deter¬ 
mines the Frobenius traces on the stalks of the IC sheaves given by extending the local systems of 
cohomologies from the smooth locus of the family of compactified Jacobians n J : J —» Def(C). 
Indeed, since the calculation of Hilbert scheme series is local at the singular points, to prove Propo¬ 
sition 3.5 it suffices to check it for irreducible curves. But by [MS, MY], for these it follows from 
an analogous result for the Jacobian, which can be deduced from Theorem 3.13 plus a support the¬ 
orem for families of Jacobians of nodal curves. The necessary support theorem is available from 
the general result of [Ngo], or [MS], or direct calculation as in [dCHM]. 

3.3. Fine compactified Jacobians. In this subsection, we work over an algebraically closed field 
k = k. Our goal is to determine the class of a fine compactified Jacobian of the nodal curve C = C 

in K 0 (Var-f). 

Let us first compute the class in K 0 ( Varf) of the generalized Jacobian J c of C, which is by 
definition the connected component of the Picard scheme Pic (67) of C containing the identity. The 
normalization morphism u : CY —* C induces the sequence 

1 * G m * * U^G^/G^ * 1, 

which yields by taking cohomology: 

(16) 

1 - H°{ C,G m ) - H°{ C",G m ) - H°{ C,u*G m /G m ) - H\ C,G m ) - H l (C v ,G m ) - 1. 

In terms of the dual graph T = T c of C, we have 

1 - H°(T , Z) <g> G m - H°(C\ G m ) - H°( C, u,G m /G m ) - H\T , Z) <g> G m - 1. 

Substituting into (16) and restricting to the connected component of the identity gives an exact 
sequence of algebraic groups 

(17) 1 - H\r, Z) (X) G m ^ G^ - Jc - Jc-' - 1, 

where Id (T) is the rank of the free abelian group II 1 (T. Z). 

Since G m = GLi is a special group, the sequence (17) is Zariski locally trivial, hence we have 
the following equality in K 0 (Var^): 

(18) Jc = Jc-'G^ = Jc-'ih - 1 )" 1(r) . 

In order to compute the class in K 0 (Var■%) of a fine compactified Jacobian Jc(m) of C, we need 
to recall the stratification of Jc{zn) in terms of partial normalizations of C studied in [MV] (see 
also [OS, Ale]). Given any torsion free, rank-1 sheaf T on C, its endomorphism sheaf End 0 (X) 
is a sheaf of finite (9(j-algcbras such that Oq V End 0 c (X) Q 0(y. The sheaf X is naturally a sheaf 
on the partial normalization C 1 := Spec (Endo c (X)) of C; the original X being recovered by the 
pushforward along the partial normalization morphism z/j : C 1 —> C. Since C is nodal, it can be 
checked that C x is the partial normalization of C at all the nodes where X is not locally free and X 
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is a line bundle on C 1 . This gives rise to a stratification of any fine compactified Jacobian Jc(m) 
into locally closed subsets 

(19) Jc (m)= U lc .sN:= LJ : C x = C s }. 

S'czCging ‘S'^Cging 

The following result describes the stratum Jc,s(m) i n terms of the graph T\S obtained from the 
dual graph T = T c of C by deleting the edges corresponding to S. 


Proposition 3.7. ([MV, Thm. 5.1]) Let C be a connected nodal curve over k and let Jc(zZf) be 
a fine compactified Jacobian. Then for every S <= C S i ng , the stratum Jc,s(m) ls isomorphic to a 
disjoint union ofc(Y\S ) copies of J c s, where 


( 20 ) 


c(TYS) 


c(T\S) = spanning trees ofT\S} ifT\S is connected, 

0 if T\S is not connected. 


We are now ready to compute the class of a fine compactified Jacobian of a nodal curve in 

Ko (Vari). 


Proposition 3.8. Let C be a connected nodal curve over k and let J c be a fine compactified 
Jacobian ofC. Then, in K 0 (Var-%), we have 

Jc(m) = Jqv ■ c(T) h hl ^. 


Proof. From the stratification (19) together with Proposition 3.7 and (18), we get that 

Mir) = 2 £ ( r \ 5 ) • J c s = 2 • ( L - 

ScE ScE 

Thus our goal is to prove 

c(r)L ftl(r) = 2 c(TVS) ■ (L - 

Sc E 

Note that if c(T\,S') is not zero, i.e. if is connected, then h 1 (T\S) = /z, 1 (T) — |»S'|. We substitute 
x + 1 = L. Then the above required formula reads 



. x hl (T)~\S\ 


This holds for each coefficient of x by the following Lemma 3.9. 


□ 


Lemma 3.9. For any connected graph T, 


2 a(r\s) 


ssE(r) 

\S\=i 


bi(T) 

i 


•c(T). 


Proof. The LHS counts the number of ways to first remove i edges from T, and then find a spanning 
tree of T from what remains, whereas the RHS counts the number of ways to first find a spanning 
tree of T, which amounts to removing some f>i(T) edges, and then decide which i of those edges 
you removed‘first’. □ 


From the above Proposition, we can compute the weight polynomial of fine compactified Jaco- 
bians of nodal curves. 
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Corollary 3.10. Same assumptions as in Proposition 3.8. Then the weight polynomial of J(<(m) 
is equal to 

to (J c (m)) = (1 + t) 29 ^h 2hl{r) c(T). 

Proof. This follows from Proposition 3.8 using that ra(L) = t 2 and that ro(J c ^) = (1 + t 
because tu( Jq») is an abelian variety of dimension g v (C). 

□ 


3.4. Determination of IC(A l R 1 n srn *Q e ). In this section we go back to the setting of §3.1: C is 
a nodal curve defined over a finite field F_ and V = T^j is the dual graph of C = C (x)^ FF. Let 
7r : C —► B be a locally versal family of curves with central fibre the curve C = Ci, and assume, up 
to localizing at b, that B is smooth and irreducible. 

We are interested in computing the stalk at the special point b of the IC sheaf associated to the 
local system given by the Fth exterior power of the first cohomology of the curve at the general 
point. After base-changing by some finite extension of F„-, the discriminant locus A of n is a 
normal crossings divisor on B which has a component A e for each node e of C. 

On B Icg := B \A we have the local system Y 1 : = R 1 f*Qi\ Blc „’ which, as explained in Appendix 
A, defines a local system Yp on p| e A e 3 b, endowed with \E\ commuting twisted nilpotent 
endomorphisms 


N e ■ *hU 


*n. 


® L. 


We also have the local systems Y z := /\' Y 1 , and corresponding sheaves Yp Ae on P| e A e , en¬ 
dowed with commuting twisted nilpotent endomorphisms 


iVi' 


9: Y 


Y 


® L. 


It is known that the local system Y l , and therefore also its exterior powers Y l , are tamely ramified 
[Ab, Thm. 1.5]. As we are interested in pointwise computations, we may consider a normal slice so 
we assume P| e A e = {b} and identify YX = H ] (C^, Q £ ), where Cjj is a one-variable smoothing 
of C. Remark that the monodromy filtration is independent of the one-variable smoothing that we 
choose as it coincides with the weight filtration (see Proposition A. 2). The monodromy-weight 
filtration of YX A _ is hence identified with that of Qj described in §3.1.2. 

It follows immediately from weights considerations that the map 

N e : H 1 ^, Qg) - H\C^ Q,) (g> L 


factors as 


(21) H^T, Q e ) (x) L = GrYH 1 ^, Qf) - Gr™H\C^ Q,) ® L = H\T, Q e ) (g> L, 

and it is easily seen to be given by 

Hi(T,Q e ) ^ E E* -» H\T,Q e ) 

where e is an orientation of the edge e and e* is its dual element in E* (note that the above is 
independent of the orientation of e). Similarly, for the exterior powers, we have the identification 
Yp Ae ^ /Y II 1 (Cfj, Qe) under which the operators aA become 

N® = A l H\C^Qi) - A 

i 

Cl A ■ ■ ■ A Ci ^ Cl A • • • A N e (c k ) A • • • A Cj. 

k= 1 
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For /cEwe write 

Af := n^e® • A'tf'Wj.Qf) - A'ff'Wr.Qf)®!' 1 ' 1 - 

eel 

As recalled in Appendix A, the stalk of IC(Y l ) at {&} = p) A e is quasi-isomorphic to the 
following complex of continuous ((^-representations of Gal (k/k): 

(22) 0 A —» ©/cb,| 7| =1 Im Nj ^ —> ®i^e,\i\=2 Im Nj —*■ ■ ■ ■ 

We denote this complex by C*({iV n } n6E , /\’ H 1 (C T f, Q^)); the first term /\' Q £ ) is in ho¬ 

mological degree zero. 

We also define operators by restricting the above to the even weight pieces of the associated 
graded pieces, H 1 ^, Q e ) ev ■= H 1 (V, Q e ) © Hi(T, Qf) (x) L, i.e., 

N e : if 1 (r,Q^) ® ^(r,^) ® L —> ®L©.£/i(r,Q^) ® L 2 , 

and similarly for the operators Ne and Nj . 

We want now to describe the image of the maps . Recall from Lemma 3.4 that if Is ( d’(Y), 
then there is an injective map Ae* : /\ l fL 1 (r\J, Q £ ) —» f\‘ 3F 1 (r, Q £ ). Using the natural 
injection Hi(T\I,Q e ) Hi(T,Q e ) coming from the inclusion of graphs T\I a T, we get an 
injective map 

(23) a e*j : A H/| (H 1 (T\I, Q £ ) © (r\J, Q e ) ® ^ AA Q^) © #i (A Q £ ) (x) L) . 

Lemma 3.11. (the main calculation) The image of is zero unless I e ^(T), and in This case, 
it is equal to to the image of the map (23) twisted by 1L 1 . 

Proof We recall how the choice of a spanning forest of F (i.e. a spanning tree on each connected 
component of T) gives rise to dual bases for Hi(T) := H\ (r, Qf) and H l (T) := H l {T, Qf). Let 
J c E be a maximal element of ^(T) so that F\J is a spanning forest of F. Then on one hand, 
for each ee J, we have the corresponding e* e E*, and their images in fA(r) give a basis. On 
the other hand, for each ee J, there is unique loop in T\( J\e) which gives rise to an element of 
ifi(r) denoted by e; this again gives a basis. We have = ±5ij for each e r , e E. 

We return to the problem at hand. By induction on |/| and the obvious compatibility of N e with 
the analogous operator on the complex associated to a subgraph r\e', it suffices to consider the 
case when / = {e}. Let T e be the component of T containing e. If the removal of the edge e 
disconnects T e , then certainly no cycle t e If (F) can contain the edge e, hence (e*, t) = 0 for any 
t, and so N e = 0. 

Otherwise, there exists some maximal ee Je^(r). Let {e = e 1} e 2 , ...} and {e* = e^, e%, ...} 
be the corresponding dual bases. Observe that J\e e (r\e) is again maximal, and the resulting 
dual basis of Hi(T\e) and H 1 ( r\e) are {e 2 ,...} and {e|,...}. 

We compute the action of Ne : 

A ■ ■ ■ A A e bl A • • • A e bi _ d ) 

i—d 

= 2^1 A". Ae- Ae,i A". A A(e J a • • • a e fei _ d 

r =1 

= ±6l N • a ■ ■ ■ a a e 6l a ■ ■ ■ a e br a ■ ■ ■ a e b ._ d j a e* 
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If any of the a t = 1, then this sum vanishes. In any case, the sum has at most one nonvanishing 
term, that of b r = 1. Assuming without loss of generality that oi < a 2 < ■ ■ ■ and bi < b 2 < ■ ■ ■, 
the sum vanishes unless a\ > 1 and b\ = 1; and 


nA\ 


a±>l 


A 


Ae a d 


A e a e &2> i a 


a e 




,) = ±? 


A 


P* 

e ai>l 


A 




A —£>2 > 1 


A • ■ • A e 


•bi—d 


This completes the proof. 


□ 


Remark 3.12. In particular, if z < |/| or /i 1 (T) < |/| then Ay' } vanishes. This is true also for the 
map 

N? : A' - A* 

(i) 

Indeed, if i < \I\ then Nj- vanishes because the weights of the source go from 0 to 2 i while those 
of the target from 2\I\ to 2|/| + 2 i. Moreover, if /t 1 (T) < |/| then the map vanishes because 
of the factorization (21). 


We now prove the main result of this subsection. 

Theorem 3.13. The class ofYjfIC -R 1 /*Qq.B reg ) [—' l] in Ko{Rep(Gel(k/k), Q^))[[g]] is 
given by the formula 



where Z-p is the cohomological Zeta function of (A: 


y](-l) i iy i ((C") ( " ) , Q,) = - A — _ 

. (s,!-?) 4 A 4 H°(<?, Q,)) (Si(-«)‘ A‘ IC(<f, Qt) 

Proof As discussed above, the “CKS complex” calculation of the stalk gives the formula 

2 («VC (a ,: I- i]) - 2 (9‘C-({JV 6 }«b, A‘ #'«,, $,))[-•]). 

i i 



We split the right hand side into contributions from C and the pieces on which there is actually 
monodromy. That is, 

is equal to 

2(-<z) 4 A' n\c u M t )) (2(-?)‘c'({Jv-,} reE , A 4 if'tfth 


We have 




,) := © Im N® 

Ie^k( r) 


= L fe ® © eAA lH;| 0(rAQi)©^i(r\/,Q f )®L) 

Ve*i( r) 

Were the first equality is definitional and the second is the result of Lemma 3.11, 
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Since the Galois action on the Ae* is the same as on Yl ee i Xe> passing to K 0 (Rep(Gal(k/k), Q e )) 
we have 


C k ({N e } eeE , A* 


r]i 


Ie'tfk (r) \ee/ / 


+ h 1 (t\i,q 1 )-'l) 


= L fc . ^ n4A ! - |;i mQi)'(i + L)). 

7e%(T) \ee/ / 

The final equality holds since i/ 1 (T\/, Q £ ) and //, (T\/, Q £ ) are isomorphic as Galois representa¬ 
tions; this can be seen e.g. because the Galois group acts as signed permutations on E, ¥. Sum¬ 
ming, we have 


2(-#C-({V e } esE ,/\fP(C T ,Q,) e ,,) 


2<-9)‘ 2 (- L ) m ■ n ) ' A H/| Q,) • (1 + L)) 




k eel 


2 W r| (n^l ■2(-9) i A i (ff 1 (r\/,Q f )-(i + U). 


. eel 


We wish to write things in terms of E rather than H 1 ( T, (Qy). Because 


(25) 


H 1 (T\I,Q e )+V^ I = E^ I + H 0 (T, 


and moreover, ¥ r = ¥ r \/ = ¥^ r , we have: 


2(-?)‘ A' (Vr ■ (1 + L)) ) 2(-9)‘ C '(f A' H' '(C,, «}<),„) 


2(-9)‘A‘(Vr(l + L)) 2 I1« L ^ •2(-9) i A J (^ 1 (r\LQ,)-(l+L)) 

v * / \/Eir(r) \ee/ / j 

2 (n« L X') 2(-9rA J ((IEfv + ff “( r ,Q<))'(l + IL) 

/E^(r) \eel J j 

2 (n ?L ^ e ) (na-^K 1 -^)) ( Yl (!-9- [c])(!^gL- [c]) ). 

/e^(T) \eeJ / \e¥ / \cE7r 0 (r) / 
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Note finally that Vr = H°( (A, Qf). Thus the extra term we introduced fits naturally with the 
first term we factored out: 

Zil-iY A' h'(c",q,) _ 2 l (-8) i A i _tf 1 (c 1 ',Q>) 

Si(-«)' A‘ (Vr ■ (1 + L)) si(-«)‘ A‘ (ff°(C",Qi) • (1 + L)) 

_Si(-tf A'g^.tgj)_ 

(Si(-9)‘ A' «°(C',Q,)) (s,(-?)‘A‘ ff 2 (c",Q,)) ' 

That is, this fraction is the (cohomological) Zeta function of (A, according to MacDonald’s 
formula [Mac] for the smooth curve C . □ 

Remark3A4. To read the above proof, it may be helpful to recall A A* (A) = Sym*(—qX); 

we have eschewed this for the benefit of the reader not accustomed to A-ring manipulations. 

Using the above Theorem, we can compute the weight polynomial of the term appearing in (1). 
We will use the notation of Definition 3.1. 


Corollary 3.15. We have the following evaluations of weight polynomials: 


ro 


yy/c (A ,: «7.«AiB,) t 



(l + 90 2alC ' ) I>.( r M7 2 )'‘ ,(r, - i ((1 - ?i 2 )( 1 - q)Y- 

i^O 


In particular, we get that 


m 



A' R l f* 


]Br, 


H] 


(1 + t) 29(c " ) f 2/ll(r) c(T). 


Proof In order to prove the first statement, we will compute the weight polynomial of (24). The 
weight polynomial of is obtained by replacing the pure weight i space H l (C , Qf) by (— l) l t 
times its dimension; hence we get 


(26) 


(1 + qt) 2 ^ c ) 

1 CV) (l-g)l V rl(l-gf2)|V r 


The weight polynomial of the second term in (24) is obtained by setting L = A Xe = [c] = 1 
(because the weight polynomial discards the Galois action) and noticing that if / e ^(T) then by 
definition we have that h°(T) = h°(T\I) and /i 1 (T) — /i 1 (T\J) = |/|; hence we get 



- 2 (9i 2 )' ,I(rK ' ,I(rW ((l-9)(l-9t 2 ))' Irvl+ '‘° lr) = 
r) 


(27) 


hH r) 

2 

i=0 


tli 


(r) (qt 2 ) l ‘' iT ^ i ((1 - <j)(l - qt 2 )) 


* + 


where in the last equation we have used (25) and the Definition 3.1 of ru(T). By multiplying 
(26) and (27), we get the first statement. 
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For the second statement, we set q = 1 in the first statement, which forces all terms in the sum 
to vanish except those for which dim Hi(T\I) = 0 and then use that n 0 (r) = c(r). □ 

4. Relative compactified Jacobian for non-versal families 

The main result of this section, namely Theorem 4.11, gives sufficient conditions for a relative 
fine compactified Jacobian of a non-versal family to be nonsingular. If a family of curves C —> S 
contains only irreducible curves, then the relative compactified Jacobian is non singular if and only 
if the relative Hilbert schemes of any length are non singular [Sh] . The if implication is still true 
for families of reducible curves (as we will show in Corollary 4.16), but the only if implication is 
no longer true: already in arithmetic genus one, banana curve, or a triangle of lines, give examples 
of fine compactified Jacobians which can be smoothed in a one-dimensional family, whereas the 
Hilbert scheme of length two of the curve needs at least a two-dimensional family. It should be 
clear from the proof of Theorem 4.11 that the reason for this discrepancy is that certain torsion 
free sheaves, which, as points of the Hilbert scheme, can be smoothed only in a high dimensional 
family, cannot appear in the compactified Jacobian because of the stability condition. For instance, 
in the triangle, a torsion-free sheaf is contained in a fine compactified Jacobian if and only if it is 
locally free outside at most one point. 

The proof of this fact, of independent interest, is based on the results of [FGvS] and a local 
duality theorem due to T. Warmt [W], which we now review. All the unproven facts here may be 
found in [W, Chapter 4] and [FGvS]. 

Fix the following data: 

(1) a planar complete local ring R = k[[x, y]]/(f), with / = f^eA fa and fa e k[[x, y}\ irre¬ 
ducible elements; assume that k is an algebraically closed field of arbitrary characteristic. 
The set A is the set of branches of R, i.e. minimal prime ideals of R, and we set A := JJA. 
The normalization R of R is isomorphic to R ~ riaeA MPV|]’ where T a is a parameter 
on the a-th branch. Observe that R contains R and it is a subring of the total fraction field 

Q(R) - n„ s » k((T.)). 

(2) a rank one, torsion-free /(-module M, which, up to isomorphism, we can assume to contain 
R and to be contained in R: 

R^M ci 

Consider the conductor ideal of the extension R/R 

f = Ann {R/R) = Horn r(R, R) = {u e R such that uR c= R}, 

which is the biggest ideal of R contained in R. The delta-invariant of the ring R is defined as 
5(R) : = dim R/R. Since R is Gorenstein by our assumptions, we have that 

(28) 5(R) = dim R/f = i dim R/f. 

One can associate to the module M two objects of primary importance: 

• The first Fitting ideal Fit^M) of M, defined as the ideal generated by (N — l)-minors of 
a free resolution 

0 «— M <— k[[x, y]] N < — k[[x, y]\ N <— 0 
of M as a k\[x, y]]-module. Under the hypotheses above, we have that 
Fiti(M) = { (j)(m), for m e M and cj) e Hom^(M, R)}, 
and f c: Fiti(M), see [FGvS, Prop. C-2 and Cor. C-3]. 
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• The endomorphism ring of M 

End r(M) = {c e R : cm e M for all m e M}. 

which is a subring of R containing R and contained in M. Notice that End/ { (M) may not 
be planar and not even Gorenstein. 

We have the series of inclusions 

f c Fit X (M) c R c End R (M) c M c R. 

The first Fitting ideal of M is dual to the endomorphism ring of M, as stated in the following 
result. 

Proposition 4.1. ([W, Korollar 4.4.2, ii]) Under the hypotheses above, the map 

Hom^End r (M),R) —* Fiti(Af) 

T t-> vp(id) 

is an isomorphism. 

Using the endomorphism ring of a module M, we can introduce an important numerical invariant 
of M. 

Definition 4.2. Let v = (A x ,..., \(y)) be a partition of A = ftA. We say that M has type v if 
Endft(M) is direct product of l{v) local rings, the Ath of which has \ branches. The type of M is 
denoted by u(M). 

Given a partition u = (Ai,..., as above, let 

h = {1, ■ ■ • , Ai}, I 2 = {Ai + 1, ■ ■ ■ , Ai + A 2 }, • • • Ii{y) = {A — \{y) + 1, ■ ■ • , A} 
and let R v be the subring of R given by 

A 

Ru = {(/l(Ti), • • ■ , fx(Tx)) e Yl k [i T i]] with fki 0) = fli 0) if M e h for some j}. 

i =1 

Geometrically, R u is the disjoint union of the complete local rings at 0 of the coordinate axes in 
A n *, for 1 = 1,.... l(ij). Therefore, the rings R u are seminormal and, indeed, they are all the 
seminormal rings containing R and contained in R. If a partition 1 / refines v then we have that 
R u Q R V '', the two extreme case being = R and R( a,o,...,o) which is the seminormalization 

of R. The delta invariant of R u is easily seen to be equal to 

(29) dim R/Ru := 5(R V ) = A - l(u). 

From Proposition 4.1 and using that f = Fiti(-R), we deduce that 

(30) dim Fiti(fG)/f = A — l(u). 

From [Liu, Chapter 7, Ex. 5.9], we deduce the following alternative characterization of the type 
of M. 

Lemma 4.3. The type of M is the coarsest partition v such that End^(M) R u . Hence, R u (m) 
is the seminormalization of End ffM). 

From the above characterization of the type of M and Proposition 4.1, we deduce the following: 
Corollary 4.4. For any module as above, we have that Fiti(M) 2 Fiti (R u (m))- 
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We now review the nonsingularity condition for a relative fine compactified Jacobian at a given 
point: the reference is again [FGvS]. A clear recollection of the results can be found in [W, §4.5]. 

Let C be a projective reduced connected curve with planar singularities over k = k , C sing = 
{ci, • ■ ■ , c r } its singular set, {A l5 ■ ■ ■ , A r } the corresponding sets of branches, with cardinality 
Ai := HA*. 

Given a singular point c* e C ging , let /) be a local equation of C at c t , so that O c , Ci — k[[x, y ]]/(/*). 
We have the semiuniversal deformation space ¥, := Def(C, c % ) of the local ring Oc, Ci , whose tan¬ 
gent space TVi is the underlying vector space of the k -algebra k \ \ x , y]} / ( f t . d x f,, a y f ,). There 
is the canonical subspace Vf c T¥„ the support of the tangent cone at c t of the equigeneric 
locus. The subspace ¥f is the class in T¥, = k\ |x, y\]/(f t , o x f t , %/',) of the conductor ideal 
f i ■= Ann((5 c ,c i /C , c,c i )- By (28), we have that 

(31) codim Vf = 8 fa) = dim fe Oc,cjOc, Ci - 

Given a partition ly of the set Aj of branches at c,, we have the partial normalization with local 
ring (O c ,cXi and the subspace Y'-\ representing the class in T¥, = k[[x, y]]/(fu d x fi, 8 v fi) of 
the ideal Fiti((C>c,cJi/)- By (30), we have that 

(32) dim¥r/Vf = dimFit 1 (((T C)C J I/ )/f i = \- l fa). 

We set ¥ := Def loc (C) = n v * and V<S := Yl c = Yl a codimension 5(C) = 
2 <Kq) linear subspace. Given a multipartition u = fa}, where u t is a partition of A,, we have 
the subspace ¥- := ]~j ¥f c T¥ and the corresponding partial normalization C- of C, with local 
ring (Oc,a)vi at the point c r e C. The curve C- is seminormal and indeed all seminormal partial 
normalizations of C are of the form C- for some unique multipartition u_ = fa}. By (32), we get 
that 

r r r 

(33) codim¥- = ^ codim¥f = + l fa) - A*) = 5(C) + ^{Ifa) - Aj). 

i=l i =1 i= 1 

Let X be a rank one torsion free sheaf on C with stalk X, at c % . The local semiuniversal de¬ 
formation space Def((C, Cj),Xj) of the pair (Oc, Ci fai) is endowed with a forgetful morphism 
Pi : Def((C, Cj),X,;) —» ¥* = Def(C, c*) and we set 

Let Wi(I) = Im (dpi) and W (X) = Im(dp) = Y\ MAfX) be the images of the differentials. 

The linear subspace W % (X) is determined by the first Fitting ideal of X,. 

Proposition 4.5. ([FGvS, Prop. C-l]) The subspace Wfal) is the class in k[[x , yj]/(/,, d x fi, d y fi ) 
of the first Fitting ideal Fitj (X ?; ) of the stalk X/ of'I at Ci. 

The linear subspace W (X) allows to characterize when a relative fine compactified Jacobian 
is regular at the point X. Given a family of curves n : C —> S and a point o e S such that 
C := 7r _1 (o) = C 0 , let da : T a S —> X¥ = n T¥, be the differential of the associated map to the 
product of the first-order deformations of the singularities. 

Proposition 4.6. ([FGvS, Cor. B-3]) Given a family n : C —► S, with C = C 0 , a relative fine 
compactified Jacobian Jc is regular at a point X lying in the central fiber fac)o = J c if and only 
ifW(X) + Im(dcr) = T¥. 
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Analogously to 3.3, consider the endomorphism sheaf End 0c (X) of X: it is a sheaf of finite 
CV'-idgcbras such that Oq cr End 0 c (X) c: . The sheaf X is naturally a sheaf on the partial 

normalization C 1 := Spec c (Endo c (X)) of C; the original X being recovered by the pushforward 
along the partial normalization morphism vx : C 1 — * C. For every singular point c, of C, denote by 
Uj(Xj) the type of X at c, (see Definition 4.2) and we set z/(X) = { u, (X)}. It follows from Lemma 
4.3 that C u(I> is the seminormalization of C 1 . The following remark is obvious and it is recorded 
for later use. 

Remark 4.7. The sheaf X is simple if and only if C x is connected, or equivalently, if and only C- x> 
is connected. In particular, if X belongs to some fine compactified Jacobian of C, then C- T> are 
connected. 

We want now to establish a necessary combinatorial criterion in order to check when the partial 
normalization C- is connected. 

To any reduced projective curve C (not necessarily locally planar), we associate an hypergraph 
77 c = (V (77c), 77(77c)) as follows: the vertices V(H c ) correspond to the irreducible components 
of C and to each singular point n e C sin g we associate an hyperedge e n which is a multiset of 
V{He) consisting of all irreducible components that contain n, each one of which counted with 
multiplicity equal to its number of branches at n. In this way, the cardinality \e n \ of the hyperedge 
e n is equal to the total number of branches of C at n. Note that if C is a nodal curve, then the 
hypergraph 77 c is actually a graph and it coincides with the dual graph of C. 

Lemma 4.8. If the curve C is connected then 

b{H c ):= £ (| e |-l)-|y(T7 c )| + 1^0. 

ee E(H C ) 

Proof. Clearly the curve C is connected if and only if its associated hypergraph 77c is connected, 
i.e. there does not exist a partition of the vertex set V{He) = Vi ](J If such that every hyperedge 
e contains only elements of either V) or If. We will therefore prove more generally that if a 
hypergraph 77 = (1/(77), 77(77)) is connected then 7(77) ^ 0. 

In order to show this, consider the bipartite simple incidence graph Fh constructed from 77 as 
follows: its vertices I/(T H ) are the disjoint union of 1/(77) and of 77(77) and its edges are given 
by E{F h ) := {{v,e) e 1/(77) \J 77(77) : v s e}. Clearly 77 is connected if and only if F H 
is connected and, by construction, we have that \V{F H )\ = \V{H)\ + 177(77)| and \E{F H )\ = 
2es E{H) l e l- Therefore, if 77 is connected then 7(77) coincides with the first Betti number of 
7i {F h ) = |77(Th)| — |I/(Tff)| + 1 of Fh, which is non-negative. □ 

We are now ready to prove the main result of this section, namely a sufficient criteria for the 
regularity of relative fine compactified Jacobians. The criteria will be expressed in terms of the 
following closed subset of TV: 

Definition 4.9. Let C be a curve as above. Consider the closed locus W c TV given by the 
union of the linear subspaces ¥-, as u varies among all the maximal multipartitions such that C- 
is connected. 

The locus W has the following properties: 

Lemma 4.10. 

(i) The locus W c TV has pure codimension 5 a { C). 

(ii) We have the inclusion V s cz W with equality if and only ifC is irreducible. 
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(iii) If C- is connected then Y- contains some irreducible component o/W. 

(iv) If I is a simple torsion-free rank one sheaf then W(L) contains some irreducible component 
of W. 

Proof Part (i): the irreducible components of W are given by V-, where u is a maximal multi¬ 
partition such that C- is connected. Lemma 4.8 implies that b(Hcf) ^ 0. However, due to the 
maximality of u we must have that b(Hcf) = 0, for otherwise it is easy to check that we could 
find a refinement vf_ with C— still connected, violating the maximality of u. (This argument is the 
analogue for a hypergraph of the fact that every connected graph has a spanning tree.) By the def¬ 
inition of C-, it follows that if u = {z/j} with zy : = ((ufii ,..., (zv)/^)) a partition of the set A t of 
branches of C at c u then the hyperedges of He* have cardinality (vfjj. Therefore, by the definition 
of b(H c a), we get 

r l(vi) r 

(34) 0 = b(H C v) = S (M* - 1) - \V(H C »_)\ + 1 = ^(Ai - - 7 (C) + 1. 

i =1 k =1 i= 1 

Combining (33) and (34), we deduce that 

codim V- = 5(C) - 7 (C) + 1 = 5 a (C), 
which concludes the proof of part (i). 

Part (ii): consider the maximal multipartion z/ max , i.e. the one for which each partition u l ap¬ 
pearing in it has the form u, = (1,..., 1). From the above discussion, it follows that C- max is 
the normalization C of C and that Y 5 = V- max . Therefore, we have the inclusion V 5 <= W by 
Proposition 4.1 and Proposition 4.5, and equality holds if and only if C is connected, which holds 
if and only if C is irreducible. 

Part (iii): if u is a multipartition such that C- is connected, then as observed above we can find 
a refinement z/ of u such that C— is connected and it is maximal with this property. Therefore V— 
is an irreducible component of W and V- V— by Proposition 4.1, q.e.d. 

Part (iv): if I is a simple torsion-free rank one sheaf then the seminormalization C- T) of C 1 is 
connected (see Remark 4.7) and we have that Y- T) Q W (X) by Corollary 4.4 and Proposition 4.5. 
Therefore, we conclude by part (iii). □ 

Finally we can state and prove the main result of this section. 

Theorem 4.11. Let n : C —> S be aflat and projective family of connected curves, with C = C Q 
having planar singularities, and let da : T 0 S —> TY = TDef loc (C) be the differential of the 
associated map to the product of the first-order deformations of the singularities of C. Then a 
relative fine compactified Jacobian J c is regular along (Jc)o = Jc i/Tm(dcr) is transverse to each 
irreducible component of W. In particular, this is the case //Tm(da) is a generic subspace ofY of 
dimension at least 5 a (C). 

Proof By Proposition 4.6, a relative fine compactified Jacobian Jc is regular along (Jc)o = J c if 
and only if Im(dcr) is transverse to any linear subspace W (X) for any sheaf X e J c . By Remark 
4.7 and Lemma 4.10(iv), any such linear subspace W (X) contains an irreducible component of W; 
therefore, if Im(dcr) is transverse to each irreducible component of W, then Im(dcr) is transverse 
to every such linear subspace W(X) and the regularity of J c along (J c ) 0 = J c follows. 

Since W has pure codimension 5 a (C) by Lemma 4. 10(i), a generic linear subspace of dimension 
5 a (C) is transverse to every irreducible component of W. □ 
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Example 4.12. Let C be the banana curve. Then Def(C) is 2-dimensional, since C has two nodes. 
We have 5 a (C) = 5(C) + 1 — 7 (C) = 2 + 1 — 2 = 1 , and indeed the relative fine compactified 
Jacobian of a general 1-parameter family containing a banana curve is smooth - indeed, it is the 
family itself. 

Remark 4.13. The regularity criterion in Theorem 4.11 is sharp (in other words, the only if impli¬ 
cation is also true) if the following Conjecture is true: 

Conjecture 4.14. Let Jc be a fine compactified Jacobian of a (reduced and projective) connected 
curve C with planar singularities and let C- be a connected seminormal partial normalization of C 
that is maximal with these properties (or, even more generally, any connected partial normalization 
ofC). Then there exists a sheaf T e J c such that C 1 = C-. 

The above Conjecture is easily checked to hold if C is irreducible: in this case the unique C- as 
in the statement of the conjecture is the normalization C of C and it is enough to take T = z+ (L) 
for a line bundle L on C of suitable degree. Therefore, if C is irreducible we have that W = V 5 by 
Lemma 4. 10(ii) and Theorem 4.11 above is sharp. 

The above Conjecture holds true for nodal curves by [MV, Thm. 5.1]; in particular, Theorem 
4.11 is sharp if C is a nodal curve. 

Finally we compare the nonsingularity of relative fine compactified Jacobians 4.11 with that of 
the relative Hilbert schemes. As a consequence of the results in [Sh] the following holds: 

Theorem 4.15. Let ir : C —* S be a flat and projective family of (non necessarily connected) 
curves, with C = C a having planar singularities, and let da : T 0 S —> TV = TDef loc (C) be the 
differential of the associated map to the product of the first-order deformations of the singularities 
of C. Then: 

(1) The regularity ofC ^ along (C^) 0 = C^ depends only on lm(da). 

(2) IfC ^ is regular along & d \ then dimlm(dcr) ^ min(d, 5(C)). 

(3) If dim Im(dcr) 5= d and is general among such subspaces, is regular along C^. 

(4) is regular along C^ for all d if and only iflm(da ) is transverse to V s . In particular, 
this is the case z/Im(d(j) is a generic subspace ofV of dimension at least 5(C). 

Corollary 4.16. Let tt : C —> S be as in Theorem 4.11. IfC M is regular along (C^) D = C^ for 
all d then any relative fine compactified Jacobian Jq is regular along {Jcjo = J 0 

Proof. It follows by comparing Theorem 4.11 with Theorem 4.15 and using that V 5 c= W. □ 

The implication in the above Corollary can be reversed if C is irreducible because in this case 
W = V s by Lemma 4. 10(ii); we expect that this is no longer true whenever C is not irreducible, 
see Remark 4.13. 


5. Support theorems 

In this section we establish Theorems 1.8 and 1.16, which are the main results of this paper. We 
conduct two reductions: first to the case of a versal family, and second to the case of nodal curves, 
where the desired results were essentially established in §3. The second reduction is by the method 
of higher discriminants, which we now review. In this section we work over an algebraically closed 
field k. In particular regularity and smoothness are equivalent notions for a fc-varicty. 
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5.1. Higher discriminants. Higher discriminants [MS] give a-priori bound on supports which 
may appear in the direct image of the constant sheaf by a proper map. 

Definition 5.1. Let f \ X —* Y be a proper map between nonsingular varieties. Let A*/ be the 
locus of y e Y such that there is no (i — 1) dimensional subspace of T y Y transverse to df x (T x X ) 
for every x e f~ 1 (y). 

Theorem 5.2. [MS2] Let f : X —> Y be a proper map between nonsingular varieties. 14 Assume 
codim A* ^ ifor all i, which is automatic in characteristic zero. 

If the support of a summand of Rf*Q e has codimension i in Y, then it is a component of A*/. 

By definition, the higher discriminants are determined by conditions about the smoothness of 
fibres over positive dimensional slices. Such criteria for Jacobians of irreducible curves were 
established in [FGvS, MRV2], and in §4 for reducible curves. 

The fact that families of Jacobians of reducible curves can be smoothed over a base of lower 
dimension than the Hilbert schemes has the following consequence for the higher discriminants: 

Proposition 5.3. Let tt : C -+ B be an H-smooth projective family of reduced locally planar 
connected curves. Let n J : Jc —» B be a relative fine compactified Jacobian. Then the generic 
point of a d-codimensional component of A d corresponds to an irreducible curve. 

Proof. Because 7 r : C —* S is JT-smooth, Corollary 4.16 ensures that Jc is nonsingular. Choose 
a general point b in a d-codimensional component of A d . By slicing generically through b, we 
can assume without loss of generality that dim B = d and hence that b e A dimB B. That is, by 
assumption there is no positive codimensional subspace of T b B transverse to the map tt j : J c —» B. 

By Theorem 4.15, the JT-smoothness of C at C\, implies that the map T b B —> TDef loc (Cfc) is 
transverse to the subspace X s a T Def loc (C/ ) ). If C b were reducible, then any general codimension 
one subspace (3 ci T b B would be transverse to W, since W is a finite union of linear subspaces 
containing V, but each of strictly larger dimension as per Lemma 4.10 (ii). By Theorem 4.11, (3 
would be transverse to tt j , which is a contradiction. We conclude that C b cannot be reducible. □ 

The corresponding result for the Hilbert scheme, established in [Sh], gives: 

Proposition 5.4. Let C be a projective reduced locally planar curve, let ic : C —> Def(C) be a 
versal family, and let : CN —> Def(C) be the family of relative Hilbert schemes. Then, 

(35) A l (yr [n] ) c Def(C) fei = {s e Def(C) | 6(C,) > i}. 

5.2. Support theorem for fine compactified Jacobians. Here we prove Theorem 1.8, which we 
restate for convenience: 

Theorem 5.5. Let 7 t : C —* B be H-smooth. Then no summand of Ru'lQf has positive codimen¬ 
sional support. Thus, p R l n d Q e = IC(/\‘ R 1 7T srn *Qi), and the stalk at [C] of p R l n d Q e does not 
depend on the choice of the H-smooth family C. Over a field of characteristic zero, Q /: can be 
replaced by Q. 

Proof. For clarity of exposition we split the proof of 5.5 in several steps. The constant sheaf 
can be safely replaced by Q in all arguments when the base field has characteristic zero. 

Lemma 5.6. Let tt : C. —» B be H-smooth. Then no summand of Rji^Qf has positive codimensional 
support. Thus, p R 1 n d Q i = IC(/\ l R 1 7r sm *Q.i), 

14 In fact in [MS2] the result is stated for maps between arbitrary varieties with replaced by ICx and transver- 
sality suitably reinterpreted. 
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Proof. Theorem 5.2 says that the codimension i supports are contained in the z-th higher discrim¬ 
inant A*(7 t j ). Proposition 5.3 that the only codimension i components of A*( 7 r J ) correspond to 
the equigeneric loci 5 = i with irreducible generic fibre. Hence, the result holds if it holds for 
irreducible curves, and this is proved in [MS]. □ 

We need the following general fact 

Lemma 5.7. Let f : X —* Y be a projective map between nonsingular varieties over an alge¬ 
braically closed field k. Assume there is an open dense subset Y° a Y such that f° : / _ 1 ( Y°) —* 
Y° is smooth and Rf* = 0 IC(R l f°Qf)[~i]. Assume D ^-* Y is a Cartier divisor, with DnY° 
dense in D and f~ 1 (D) is nonsingular, and set fo ■ f~ 1 (D) —* D. Then 

p R l f D *Qe = 10(1? m t ) , D . 

Proof. By the decomposition theorem and proper base change 

0/0f?7*°Q.)|DH] = {Rf*Qt) D = Rf D *Qi = 0 p R i f D M ( [-il 

so it is enough to prove that, for every i, IC(R l f°Qf)\D is perverse. This follows from [BBD], 
Corollaire 4.1.12, (see [MS2], §6 for a similar argument). □ 

Lemma 5.8. Hypotheses as above, let B' <->■ B be a Cartier divisor through [C], such that tt' : 
C x B B' —> B' is H-smooth. Then 

i i 

IC(/\ R 1 ^sm*Qe)\B' = IC(/\RXmM- 

If char k = 0 the same holds with Q ( replaced by Q. 

Proof. The H-smoothness of C := C x B B' —* B' implies that the set of points in B' corre¬ 
sponding to smooth curves is open dense. Applying Lemma 5.7, we have IC(/\‘ R 1 TT S m*Qe)\B' = 
v R l {Y)iQ_f is perverse and the statement follows from Lemma 5.6. □ 

Lemma 5.9. Hypotheses as above the stalk at [C] of p R l vr^Q £ does not depend on the choice of 
the H-smooth family C. 

Proof. We are easily reduced to prove independence for H-smooth families Cb —* B, with B be a 
closed nonsingular subset through [C] of Def(C). The base B is an intersection of Cartier divisors 
in Def( C), and the statement follows by a repeated application of Lemma 5.8. □ 

This completes the proof of Theorem 5.5. □ 

Remark 5.10. Over the versal family, one could also prove 5.6 as follows, without using Proposi¬ 
tion 5.3. The Ath higher discriminant A*(7 t j ) of n J is contained in Def(C0 l by Proposition 5.4 
and Corollary 4.16. The generic point of each irreducible component of Def(C) 5ssj is a nodal curve 
by Fact 2.1, so the result is reduced to the nodal case. By the decomposition theorem [BBD], we 
know that the RHS is a summand of the LHS, and that both are pure of weight zero. To conclude, 
it is enough to show that the weight polynomials of the stalks of the two complexes coincide at 
every point of the deformation of a nodal curve, i.e., for any nodal curve. We calculated the RHS 
in in Corollary 3.15 and the LHS in Corollary 3.10; they are equal. 

Remark 5.11. The argument of Lemma 5.6 is reminiscent of that in [CL]. 
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5.3. Macdonald formula for reducible planar curves. Here we prove Theorem 1.16. We recall 
the statement for convenience: 


Theorem 5.12. Let Cg —» Bg be a H-smooth independently broken family of locally planar curves 
over an algebraically closed field, admitting relative fine compactified Jacobians Js Bg. By 
definition the relative fine compactified Jacobian of a disconnected curve is empty. Let g denote 
the locally constant function giving the arithmetic genus of the curves being parameterized. 

Then there are isomorphisms in D b (f\ Bg j | [ 711 •' 


72 = 0 


Exp 



Exp 



(1 - q)(l - qL) 
(l-q)(l-qh) )' 


Proof. As explained in the introduction, passage to a finite field, the decomposition theorem, Ce- 
botarev, and Theorem 1.8 (i.e. Theorem 5.5 above, in particular the fact that the stalk at [C] of 
p R l 7 r^Q^ = IC(/\‘ F^TrsmxQe) does not depend on the choice of the H-smooth family C) allow us 
to reduce immediately to the case where Cg —» Bg is versal. We are matching semisimple perverse 
sheaves; it suffices to do this at the generic point of the support of each summand; by Cebotarev 
it suffices to match Frobenius traces at stalks of all general points in each such support. Our cal¬ 
culation (Lemma 5.4) of higher discriminants and Fact ii show that these all correspond to nodal 
curves. We are therefore reduced to checking that the Frobenius traces on both sides of the above 
equality are the same for the stalk at a nodal curve. 

Thus, let C to be a nodal curve, let S be its set of irreducible components, for S'cS 1 let C 5 / be 
the union of the corresponding irreducible components, and let be the dual graph of Cg'. 

We calculated the stalk of the left hand side in Proposition 3.5 . 15 Observing in addition = [e], 
and recalling that we write := (^q n H*((C )( n \ Q £ )) for the cohomological Zeta function, 

00 

V,fHg c n .q,) = V • I) (‘ - qx. + ? 2L M) 

n =0 eeE 


= Z c v ■ n (t 1 _ qXe)0- - Q^Xe) + q^Xe)) 

eeE 



On the right hand side, we have to expand the exponential. By definition 

Exp(JF) [Cs] : = J] 0^1 
S=U S a a 

By definition the compactified Jacobian of a disconnected curve was the empty set, so the con¬ 
tribution of the RHS is trivial except when all the (induced) subgraphs T g a are connected. The 
statement S = ](J S a is just saying that the vertex sets of the F„ partition the vertices of T. For 
these condition on graphs, we introduce the ad-hoc notation “{r Sct }#r”. 


15 Proposition 3.5 was stated in the Grothendieck group of varieties taken up to zeta equivalence; but by the 
Grothendieck-Lefschetz trace formula, it is well defined to pass by taking cohomology to the Grothendieck group of 
(Q^-vector spaces equipped with a Z action (i.e. of Frobenius). 
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The sheaf T we are exponentiating is built out of the p .R l 7r* Q. The stalk q l ■ p R l "n'iQ[—i]) 

was given according to Theorem 3.13 by the formula 


[Cs a 


2 (ri 9L * e ) ( n^ 1 _ ^Xe)(! -gLXe)) ( Yl 

Ie&(T a ) \eel / \e$I ) \ce7r 0 (r c 


(1-9 - [c])(l-gL- [c]) 


Because T„ is connected and defined over F^, the third term in the product cancels with the 
denominator (1 — g)(l — qh). Thus the right hand side of our desired equality - the Exp of the 
above - becomes 


s u(w 3 ’ z k- s (u^A (r* 1 

{Ps a }#r « V Ie *( Pa) \ee/ / \ e£I 


9Xe)(l - Q^Xe 


We have ]^ Q Z-q* = Z-q> . Thus we can cancel the global geometry. Our task now is to prove the 
equality of 


(36) 

and 


(gL) 1 9 2 ri(M na - QXe )( 1 - q^Xe 

JcE \eej / \e^J 


(37) 


2 n 3a 2 ( Y\ qhXe I ( n(! “ 9Xe)(! - q^Xe 


{Ps Q }#r « 


Ief ( r a ) \eeI 


<e$I 


This is the usual combinatorics relating connected and disconnected counting. Explicitly, let us 
analyze one term of the sum in Equation 36. Fix J c E. Decompose the graph E \J into its 
connected components; this gives a partition of the vertex set. Let T 1; ..., T k be the corresponding 
induced subgraphs. We partition J into the edges J which go between these induced subgraphs, 
and the edges J Q := J nT Q in each. So the contribution of J , 

(gL) 1 -- 9 (n(^xe)) na - qXe)( 1 - q^Xe) ) , 

\eej J \e£J J 

can be rewritten as 


(gL) 


1-3 


I Q^Xe n n q^Xe) I n (! ~ 9Xe)(l - q^Xe 


^eeJ 


^eeJa 


, eeF a \J a 


As J is the union of collections of all edges between certain pairs of vertices, it is preserved by 
the Galois action since we assumed all the components of the curve were defined over the field. 
Thus UeejXe = 1. Denoting the partial normalization r/ : C a —> C, we have the sequence 
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Taking Euler characteristics gives (1 — g) + \ J\ = 2 a (l — g a ). After these replacements, the term 
in question becomes: 



Recall that ^ means the subsets of the edge set of a graph whose removal does not disconnect 
the graph. By construction, J a e ^(T Q ). This corresponds exactly to a term of Equation 37. □ 

Appendix A. Generalities on the CKS complex 

If Y is a unipotent local system underlying a variation of pure Hodge structures of weight w on 
a product of punctured polydisks (B*) r c= W, the paper [CKS, §1], gives a model for the stalk 
IC{Y )o at 0 e D r of the intersection cohomology complex of Y and its weight filtration (see 
also [Sai2, §3]). This model works just as well, with minimal changes, in the etale theory, and we 
shortly review it here, as it plays a central role in our computations. We also provide proofs of the 
results discussed, as they are not available in the literature. 

According to our conventions 2.1.8 the intersection cohomology complex lives in degrees [0,..., 
dim Y — 1]. Assume Y is a regular scheme over F„., and D = Ujsj * s a norma l crossing divisor. 
Let y e D. After etale localization we may assume that Y is some Zariski neighborhood of the 
origin in A”, with coordinate functions A,..., t n , and D is defined by the equation Yljej 4 = 0’ 
with J = {1,... ,k}. We denote j : Y\D —*• Y. 

Let Y be a locally constant sheaf (i.e. a “lisse” sheaf) on Y D. tamely ramified along D, 
pointwise pure of weight w. Let 'Ll,..., 44 be the nearby-cycle functors, and 4>i,..., <34 be the 
vanishing cycle functors associated with the functions ti,..., 4, normalized so that they preserve 
the middle perversity ^-structure, i.e. for P a perverse sheaf, we ask that T- ( P) and $>j(P) are 
perverse (this is possible, see [Ill, Cor. 4.5, Cor. 4.6]). 

Given a ^ k we set E^ := Hy=i Dj- F° r I — {1,..., a] we define functors 

: D b c (Y) ~ D b c {E^ a) ) 
by: 

(38) ^ a) = e a o... o ©! 
where 

0, = fl/j if i e /, and if i e {1,..., a}\L 

More precisely, the T^’s map (mixed) complexes, constructible with respect to the natural strat¬ 
ification of Y defined by D, to complexes on E ( Y whose cohomology sheaves are (mixed) local 
systems on the strata of the induced stratification of E^. 

Proposition A.l. We have the following isomorphism for the restriction of the intersection coho¬ 
mology complex to E: 

(39) 

i* E IC(y) - C •({N j }, Y) := {0 - r E - 0 Im Nj -> ® Im AT 7 - • • • - ImiVj - 0} 

m=i li=2 

where the differentials are given by 

(40) (-1 ) k Ni : Im N n ■ ■ ■ N ik -* Im N t N tl ■ ■ ■ N ik ifi A (A, • ■ ■ , 4}- 
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Proof. We have the following two general facts: 

(1) The functors '3//,$/ associated with a regular function are t —exact with respect to the 
middle perversity t- structure. 

(2) Let B = {/ = 0} be a principal divisor on Z and let U := Z\B Z B. If P is a 
perverse sheaf on U, then the map of perverse sheaves 

V f (IC(P)) $ f (IC(P)) 

is surjective. This follows from the fact that i*K is perverse, [BBD, Cor. 4.1.12] and the 
exact triangle 

i*K — V f (K) -™ $ f (K) . 

We first show how things work for k = n = 2, the general case being only notationally more 
complicated. One start by representing i* Di IC(Y) by the complex of (shifted) perverse sheaves 

i* Dl IC(V) =* K x := (0 — ™ <&i{IC(y)) — 0}. 

Then 

iKnojem = i\K, = Cone(* 2 (iL) - ® 2 (AT 1 )), 

By the t —exactness (1) of ^ and <h 2 , we have 

^ 2 (fO) 4/ 2 O ^(icif)) — 0} 

and 

$ 2(^0 =* {0 -> $ 2 o ^ 1 (/c , (r)) <f> 2 o ^{ic{r)) - 0 }, 

so that i* DinD2 IC(Y) is isomorphic to the total complex associated with the double complex: 

$2 o —- $ 2 o $i(/c(r)) 

t 2 o m\ic{r)) —- ° $i(/c(r)) 

this is now a complex of perverse sheaves on E (2> = D x n I) 2 . We iterate this procedure: at the a-th 
step one has a complex of perverse sheaves on E^ = nf =1 Di representing K a := IC(Y)\ E ( a ) as 

0 - ©m =a ^ { j a) ic(y) - ®|7|= a -i^i a) /c'(r) - ■ ■ ■ - ® ]Il=0 ^ic(y). 

where, in force of our conventions, the sum is on the subsets I Q {1,..., a}. We have 
K a+l := IC{r\ E , a + 1 ) = Cone('T a+1 (Ji a ) - $ a+1 (/i a )). 

By the t-exactness of 4/ a+1 and $ a+1 , 

y a+ i(K a ) = {0 - ¥^ +1 ic(Y) - © m _ a +1) ic(y ) -■■■-© m=1 y\ a+1) ic(y) - 0 } 

a+lG/ a+lG/ 

and, similarly 

$ a+ i(K a ) = {0 - ic(y) - ©i,|. 0 _ 1 ^S 0+1) /c'(r) - ■ ■ ■ - icfr)} 

a+l^I a+l^I 

and the map of complexes'T a+1 (/C'(lC)| £;(a) ) ^ $ a+1 (/C'(T / )| E(a) ) is just the obvious one 4^+1 —> 
$ a+ i component-wise. The total cone of this map is clearly 

{0 - ®|/| =a+ i^ (a+1) JC'(r) - ©|7|= a ^ a+1) /c'(r) - • • • - © m=0 ^; +1) ic(Y) - 0}, 

and we go on until the k -th step. 
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Let J = {1 We have the mixed local system Y E '■= ^j\Y) on E := 

endowed with an action (the “monodromy”) of the additive group Z;( 1) J , which is quasi-unipotent, 
and there are given (Tate-twisted) commuting nilpotent endomorphisms 

N r .y E ->y E ®h, 

the logarithms of the unipotent part of the monodromy. For I = {/,..., i{\ J we set N r := 
N tl o... o Ni t , and we have the corresponding local system Im Nj <= T/? ® L 1 . One can check that 
does not depend on the order in which the T,’s and <f>j’s are applied, and we have isomorphisms 

V?\lC(Y)) =* Im Nj, 

under which the differentials are precisely sent to the maps 

(—1 ) k Ni : Im N h ■ ■ ■ N ik -* Im N,N tl ■ ■ ■ N ik if i ^ {R, ■ ■ ■ , i k }. 

We conclude that we have the isomorphism (39) with differentials given by formula (40) □ 

Proposition A.2. Let M. he the monodromy filtration ([Del, §1.6]) associated with the nilpotent 
endomorphism N := ^ a ;) N t , for cij e Z >0 on Y E . Then the complex C*({iVj}, "L), endowed with 
the filtration M._ w is isomorphic to i* E IC(Y) endowed with the weight filtration. 

Proof. The complex C m ({Nj}, V) is naturally a sub-complex of the Koszul-type complex 

r) := {o - r E - 0 r E ® l - —l 2 ' J ' - o}, 

10=1 

Given a regular function / on a variety Z, and setting {/ = 0} ^ Z Z\{f = 0}, there is the 
exact triangle 

i*Rj*K - V f (K) ^ ^f(K) (x)L^ . 

Starting from this exact triangle, an argument similar to the one above shows that 

b •({N j },y)^i* E Rj*y 

The inclusion C*({A^}, Y) —> B *({Nj},y) corresponds to the natural map i* E IClfV) —> i* E RjfV ', 
which is compatible with the action of Frobenius. 

By [Del, Lemme 1.9.3], the monodromy filtration M. ([Del, §1.6]) associated with N : = 
2 ajNi , for cij e Z >0 on "V E is independent of the a/s, and coincide with the weight filtration 
up to shifting by the weight of Y, hence this applies also to the subcomplex C*({A^}, "V). □ 

Finally we briefly comment on the case when the field of definition of our varieties is the com¬ 
plex field C and the l -adic etale theory is replaced by the theory of Mixed Hodge modules, see 
[Sail, Sai2]. If Y is a local system on an open set U of Y, underlying a pure variation of Hodge 
structures of weight w, then, for every y e Y the stalks TL/IC/Yfy are endowed with a natural 
Mixed Hodge structure with weights ^ w + i. Furthermore, we have the following compatibility 
statement: 

Proposition A.3. Suppose X is nonsingular, and f : X —> Y is a projective map, smooth on the 
open dense U Y. Let V = R l f*Q\u- Then, for every y e Y, the Decomposition Theorem 
identifies W {IC(/P)) y with a subquotient of H J+z (/ -1 (i/)), as mixed Hodge structures. 

If the open set U is the complement of a normal crossing divisor, and the local system Y has 
unipotent monodromy around the branches of Y\U, then the stalk of the intersection cohomology 
with its weight filtration are given by the CKS complex discussed above. 
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Appendix B. Curve counting and Severi strata 


We record here an analogue of the theorem in [Sh] comparing multiplicities of Severi strata with 
counts of nodal curves. 

A family of curves n : C —* B determines constructible functions ttI" ' 1 on B\ 

4"ll(6) - x(d” 1 ) = x((«ir [nl QV. 

According to [GV, PT] it is natural to introduce a different family of constructible functions 
which differ by a linear change of variables: 


Definition B.l. For a family n : C —*• B of locally planar curves, we define constructible functions 
n l on B by the formula 


2 q n+1 ~ 

n—0 



i+l-g 


n l 


In [PT3] it is shown that n l vanishes at curves of cogenus less than i, and that n l = 1 at a curve 
smooth away from i nodes. In fact these multiplicities can be interpreted in terms of the geometry 
of the higher discriminants. 


Theorem B.2. [Sh, GS] Let n : C —» B be a locally versal family of locally planar curves. Let 
mult— denote the constructible function on B whose value atbeB is the multiplicity of B\ at h, 

and Eli— the Euler obstruction. Then mult— = n l = Eu—. 

A general setup in which to deduce the result on Euler obstructions is provided by the following 
theorem in [MS2] on pushing forward constructible functions. 

Theorem B.3. Let f : X —> Y be proper; then 

f* lx = 

i,a 

where c l,a are some integers and A*’" are the i codimensional components of A 1 . 


According to [MS], (remember the conventions 2.1.8 for perverse sheaves), for locally versal 
families of integral locally planar curves, we have: 


(i - «) 2 2 eM” 1 ! 

71=0 


2 3 

]ry(-i yx( r R^;Q) 


3 =0 


hence we may recover the rb from the Jacobians by the formula 


Definition B.4. Let n : C —»• B be a family of locally planar curves such that a local choice 
7r J : J —* B of a relative fine compactified Jacobian has regular total space. Then we define 
constructible functions n l : B —> Z by the following formula: 

2 g °° / \ i~9 
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Evidently n l vanishes for i > g, and it is easy to see that in fact it vanishes for i > 5. However 
much stronger vanishing is common, and we do not know the precise statement. At an integral 
curve, we have by definition n l = rf. More generally the relationship is more complicated, and we 
will clarify it shortly. First we give an interpretation of the n' in terms of the Euler obstructions of 
Severi strata. Let B\ rr be the locus which parameterizes irreducible curves of cogenus i. 

Theorem B.5. Let n : C —» B be a locally versal family of locally planar curves, and 7 r J : J — > B 
a relative fine compactified Jacobian. Then n l = E 11-777- = mult-777-. 

■irr ‘irr 

Proof By theorem B.3 we reduce to checking the statement when the central fibre is a nodal curve. 
Let T denote the dual graph of this curve. Note that then D- rr is the union of several codimension 
i linear spaces, enumerated by the different ways of contracting all but i edges and leaving a 
graph with a single vertex. Or, what is the same, enumerated by the number of different 
ways of removing i edges and leaving a connected complement. Thus at the central point, we 
have Eu-777- = We specialize Corollary 3.15 by setting t = — 1, exchanging q for — q, and 

^irr 

rearranging slightly, to find n l = /)_ \. The statement regarding the multiplicity will be shown in 
the next Lemma and Corollary. □ 


We return to the question of how the rii and the n, are related. Let C = (f I ... + Cf be 
a decomposition into irreducible components. We pick out subcurves by multi-indices: for a c 
{1, we write C 5 := |J aG a C »- 

Lemma B.6. Let e a for a e \1,...,t\ be (commuting) variables squaring to zero, and let e a = 

Yl aeS ^- Then 

n ( 1 + e “ 2 z^^Eu—iCs) ) = 2 e“ 2 z l -^ +l Eu w (Cf) 

ac{l,...,t} \ i J ac{l,...,t) i 


Proof. This is essentially a tautology. The exponent on z, on both sides, is just the Euler charac¬ 
teristic of the structure sheaf of the normalization of a curve in the respective locus B l or B\ xx on 
both sides. This is additive under union of components of a curve. The locus B l has (not nec¬ 
essarily irreducible) components indexed by partitions a = ]jj ffi; the corresponding locus is the 
one such that the irreducible components of the curves are named by the various /3j. These in turn 
have components according as to how the cogenus is distributed; say ij to ffi in any way such that 
Yjijj + 1 — fj(Pj )) = i + 1 — g. Analytically locally up to a smooth factor, B l is the union of the 
1 iff ., and the Euler obstruction is additive under union of components. □ 

Thus according to Theorem B.5, the relation between the n l and the n' is: 


(41) 



'2 


z i-g(a)+l n i 


:«)(cy 


2 e d Y, zi ~ 9(S)+1 HCa) 

cfc{l,...,f} i 


Observe that n l (Cf) and rf (C' (? ) determine each other modulo invariants of curves C^ a . 


Corollary B.7. We have an equality of constructible functions E 11 ^ 77 - = niult^—. 

■irr ‘irr 

Proof. By Theorem B.2, the formula on the RHS of Lemma B .6 does not change if Euler obstruc¬ 
tion is replaced by multiplicity. Since both multiplicity and Euler obstruction are additive, we may 
conclude the same for the LHS by induction on fia. □ 

Finally we substitute in z = q/(l — q) 2 and replace the n\ff by their defining quantities: 




44 


LUCA MIGLIORINI, VIVEK SHENDE, AND FILIPPO VIVIANI 


Corollary B.8. Let C = \JC a be the decomposition into irreducible components of a locally 
planar curve. The Euler numbers of the Hilbert schemes and the perverse Poincare polynomials 
of the fine compactified Jacobians are related by the following formula: 


n 


1 + e° 


1,-4} 


(1 -qy 


2 g{a) 

■ 2 ^' 9(5) ( 


3=0 


■i yx( r Ryj(c s )))}= 2 c£‘i 

afc{l,...,t} n =0 


ra+l-g(<3) 


X{C^) 


Remark B.9. The assertion of Corollary B.8 plus the arguments of Corollary B.7 and Lemma B.6 
would allow Theorem B.5 to be deduced from Theorem B.2. 


That is, under the hypotheses of this section, the stable pairs theory of Pandharipande and 
Thomas [PT] is related by the expected change of variables to the prescription of Gopakumar 
and Vafa, so long as the moduli space of D2-branes is a relative fine compactified Jacobian. 
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